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S0REN GALATIUS AND OSCAR RANDAL- WILLIAMS 
Dedicated to lb Madsen on the occasion of his 70th birthday 



Abstract. We prove an analogue of the Madsen— Weiss theorem for high- 
dimensional manifolds. For example, we explicitly describe the ring of charac- 
teristic classes of smooth fibre bundles whose fibres are connected sums of g 
copies of 5" X 5" , in the limit g — > oo. Rationally it is a polynomial ring in 
certain explicit generators, giving a high-dimensional analogue of Mumford's 
conjecture. 

More generally, we study a moduli space Af{P) of those nuUbordisms of 
a fixed (2n — l)-dimensional manifold P which are (n — l)-connected relative 
to P. We determine the homology of M{P) after stabilisation using certain 
self-bordisms of P. The stable homology is identified with that of a certain 
infinite loop space. 
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■ 1. Introduction and statement of results 

For any smooth compact manifold W , the diffeomorphism group DifF(M^) has 
a classifying space BDiS.{W). This classifies smooth fibre bundles with fibre W , 
CsJ ■ in the sense that for a smooth manifold X, there is a natural bijection between 

. the set of isomorphism classes of smooth fibre bundles E ^ X with fibre W 

and the set [X, i3Diff(M^)] of homotopy classes of maps. The cohomology groups 
H^{BT)\E{W)) therefore give characteristic classes of such bundles, and it is de- 

■ sirable to understand as much as possible about these cohomology groups. The 
difficulty of this question depends highly on W: it is essentially completely un- 

■ derstood when the dimension of W is or 1, and much effort has been devoted 
psj , to understanding the case where the dimension of ly is 2. Mumford f [Mum83] ) 

formulated a conjecture about the case where W — is an oriented surface of 
genus 5, in the limit g — ?> oo. If we let Diff(Sg,D^) denote the diffeomorphism 
group which fixes some chosen disc C Sg, Mumford's conjecture predicted an 
isomorphism 

c3 : ^ ^* (BDiff (Eg ,D^)-^l)^q[ni,n2,n:i,...] 

for certain classes S 7?^*(i3Diff (Eg, D^)). Mumford's conjecture was finally 
proved by Madsen and Weiss ( [MW07| ) in a strengthened form. 

The goal of the present paper is to prove analogues of the Madsen- Weiss theorem 
and Mumford's conjecture for manifolds of higher dimension. We have results for 
manifolds of any even dimension greater than 4. As an interesting special case of 
our results, we completely determine the stable rational cohomology ring 

limi?*(BDiff(Wg,£'2");Q), 
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where Wg — #^5*" x S" denotes the connected sum of g copies of 5" x 5". To state 
our result, we recall that for each characteristic class of oriented 2rt-dimensional 
vector bundles c S H'^'^'^^{BSO{2n)), we can define the associated generalised 
Mumford-Morita-Miller class of a smooth fibre bundle it : E ^ B with oriented 
2n-dimensional fibres as 

where Ty{E) — Ker(Z?7r) is the fibrewise tangent bundle of tt. When the fibre is 
taken to be Wg, there is a corresponding universal class Kc G (SDiff ( Wg , D^")) 
which for fc > is compatible with increasing g. 

Theorem 1.1. Let 2n> A and let B C H* {BSO{2n);<Q) be the set of monomials 

in the classes e, , Pp ^+i ^ of total degree greater than 2n. Then the 

natural map 

Q[n,\ceB]^\^H*iBDiSiWg,D^^y,Q) 

is an isomorphism. 

The strengthened form of Mumford's conjecture proved by Madsen and Weiss 
states that a certain map 

hocolimBDifF(S„,D2) — > n^MTS0{2) 

induces an isomorphism in integral homology. We will prove a similar homotopy 
theoretic strengthening of Theorem ll.il which also applies to more general mani- 
folds. 

1.1. Definitions and recollections. To state the main results in their general 
form, we recall the following definitions. 

1.1.1. Classifying spaces. We shall use the following model for the classifying space 
BDiS{W,dW) of the topological group of difFeomorphisms of a compact manifold 
W, restricting to the identity on a neighbourhood of dW. We first pick an embed- 
ding dW ^ {0} X M.°° and let Emb^(W, (-oo, 0] x K°°) denote the space of all exten- 
sions to an embedding of W (required to be standard on a collar neighbourhood of 
dW). We then let BmS(W,dW) = Emb^(W, (-cx),0] x K°°)/Diff (W, be the 
orbit space. If W is closed and ^ C W is a compact codimension submanifold, we 
write BT)\S{W,A) = BT)iE{W - i\ii{A),dA). The construction of BT)m{W,dW) 
has the following naturality property: any inclusion W C W of a codimension 
submanifold induces a continuous map BT)\E{W,dW) -> BD\S{W' ,dW'), well de- 
fined up to homotopy. (On the point-set level it depends on a choice of embedding 
of the cobordism W' — int(W) into [0, 1] x R°°.) For example, a choice of inclusion 
Wg-mtiD^-^) ^ Wg+i induces a map BDiff (Wg, D^") ^ BDiff(Wg+i, D^"). these 
define the inverse system in Theorem ll.il 

1.1.2. Thorn spectra. For any space B and any map 9 '■ B ^ BO{d), where 
BO{d) = Grd(M°°), there is a Thorn spectrum MTO = B'^ constructed in the 
following way. First, we let B(M") = 0-^{GrdiW)). The Grassmannian Grd(R") 
carries a (n — d)-dimensional vector bundle 7,^, the orthogonal complement of the 
tautological bundle. Then the nth space of the spectrum MT9 is the Thom space 
B{M.")^ 7„ ^ rpjjg associated infinite loop space is the direct limit 

n°°MTe ^ colimr^" (B{Wf''>^) , 

and we shall write Q.fMTO for the basepoint component. The rational cohomology 
of this space is easy to describe; in the case where the bundle classified by is 
oriented, it is as follows: for each c e H'^^'^(B), there is a corresponding "generalised 
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Mumford-Morita-Miller class" g H''{n°°MT9), and H*{n^MT9; Q) is the free 
graded-commutative algebra on the classes Kc, where c runs through a basis for the 
vector space H-^'^{B; Q). We describe the general case in Section [275] 

1.1.3. Moore-Postnikov towers. For any map A ^ X oi spaces and any n > 0, 
there is a factorisation A ^ B ^ X with the property that TTi{A) — ?> T^i{B) is 
surjcctivc for i ^ n and bijective for i < n, and ni{B) — > ni{X) is injective for 
i = n and bijective for i > n (the requirements are imposed for all basepoints). 
This is the nth stage of the Moore-Postnikov tower for the map A ^ X, and can 
be constructed for example by attaching cells of dimension greater than n to A. It 
is well known that a factorisation A ^ B ^ X with these properties is unique up 
to weak homotopy equivalence. In the case where A is a point, B = X{n) — X 
is the n-connective cover of the based space X , characterised by the property that 
iTi{X{n)) = for < i < n, and that T:i{X{n)) — ni{X) is an isomorphism for 
i > n. (Some authors write X{n + 1) for what we denote X{n).) 

1.2. Connected sums of copies of 5*" x 5*". We can now state our homotopy 
theoretic version of Theorem [TTTJ generalising Madsen- Weiss' theorem to dimension 
2n (recall that we assume 2n > 4 throughout). As before, we write Wg = #^5*" x S*" 
for the connected sum of g copies of S" x 5" . 

If we pick a disc D^^ C Wg, there is a classifying space i?Diff( Wg, D^") and 
there are maps BDiS{Wg, £>^") — > BDiff (IVg+i, Z?^") induced by taking connected 
sum with one more copy of S" x S". Let 9" : B0{2n){n) B0{2n) be the n- 
connective cover, and MT6" the associated Thom spectrum. Let us also say that a 
continuous map is a homology equivalence if it induces an isomorphism in integral 
homology (and hence in any homology or cohomology theory). 

Theorem 1.2. Let 2n > 4. There is a homology equivalence 
hocolimBDiff(H/„,i:>2") — > 17^MT6'". 

More generally, if W is any {n — l)-connected closed 2n-manifold which is paral- 
lelisable in the complement of a point, there is a homology equivalence 

hocolimBDiff(W#Wg,i:'^") — > VLfMT9''. 

g-i-oo 

It is easy to deduce Theorem 1 1 . 1 1 from Theorem ll.2l In |GRW12b] we prove that 
the maps BDiff (Wg, I?^") — > i?Diff(Wg+i, D^") induce isomorphisms in integral 
homology up to degree \{g - 4)/2j (cf. also [BM12I). Thus, Theorem [L2] also 
determines the homology and cohomology of i3Diff( Wg, D^") in this range. 

1.3. The moduU space of highly connected null-bordisms. The determina- 
tion, in Theorems 11.11 and 11.21 of the stable homology and cohomology of the space 
BDiff (W#g5'" X S*",!?^") is a special case of Theorem 11.81 below, in which we 
determine the stable homology of _BDiff(W) for more general manifolds W. We 
also consider manifolds equipped with an additional tangential structure, defined 
as follows. 

Definition 1.3. Let 9 : B ^ BO{2n) be a map. A 6'-structure on a 2n-dimensional 
manifold W is a bundle map (. : TW — > 9*^, i.e. a fibrewise linear isomorphism. 
Such a pair {W,tj will be called a 6'-manifold. A ^-structure on a {2n — 1)- 
dimensional manifold M is a bundle map e^®TM — )■ 9*^. If £ is a ^-structure on W, 
the induced structure on dW is obtained by composing with a certain isomorphism 
© T(9W) — 7> TW\qw- In fact, there are two such isomorphisms: One comes 
from a collar [0, 1) x dW — > W of dW . Differentiating this gives an isomorphism 
£^ © T{dW) TW\gw, and the resulting 0-structure on dW will be called the 
incoming restriction. Another comes from a collar (—1,0] x dW — > W; this is the 
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outgoing restriction. When is a cobordism, we will generally use the incoming 
restriction to induce a 6'-structure on the source of W and the outgoing restriction 
on the target. 

Let £o : TW\aw ^ 6**7 be a 6'-structure on dW , and Bun^(TW^, 61*7; 4) denote 
the space of all bundle maps I : TW — > 6**7 which restrict to £0 over dW , equipped 
with the compact-open topology. The group Diff(M^, dW) of diffeomorphisms of W 
which restrict to the identity near dW acts on Bun^(TW, 6*j;£q) by precomposing 
a bundle map with the differential of a diffeomorphism. 

The most general case of our theorem concerns the moduli space of highly con- 
nected null-bordisms, defined as follows. 

Definition 1.4. Let P C M°° be a closed {2n — l)-dimensional manifold with 6- 
structure (p : ® TP -J> 9*j. A nuU-bordism is a pair {W,£w), where W C 
(—00,0] X is a compact manifold with dW — {0} x P and (—£,0] x P C W 
for some e > 0, and £w ■ TW 6*j is a 6'-structure satisfying £w\dw = ^p- A 
null-bordism {W,£w) is highly connected if {W,P) is {n — l)-connected, and the 
moduli space of highly connected null-bordisms is the set Af^ {P,£p) of all highly 
connected null-bordisms of {P,£p). It is topologised as the disjoint union 

(1.1) ]J(Emb^(iy, (-00,0] X M°°) X Bnii^{TW,e*rJp))/'DiSiW,dW) 

w 

where the disjoint union is over compact manifolds W with dW = P for which 
(VF, P) is [n — l)-connected, one of each diffeomorphism class. 

If C [0, 1] X is a cobordism with collared boundary dK = ({0} x Pq) U 
({1} X Pi) we say that K is highly connected if each pair [K^ {i} x Pi) is {n — 1)- 
connected. If K is equipped with a ^-structure £k restricting to £q and £1 on 
the boundaries, then there is an induced map N^{Pq,£q) — Af^{Pi,£i) defined by 
taking union with K and subtracting 1 from the first coordinate. 

This moduli space classifies smooth families of null-bordisms of P, in the sense 
that if X is a smooth manifold without boundary, there is a natural bijection 
between the set of homotopy classes [X,J\f^{P,£p)], and the set of equivalence 
classes of triples (tt, <p, £) , where tt :£'—>■ X is a proper submersion (i.e. smooth fibre 
bundle), 1^9 is a diffeomorphism dE = X x P over X, such that (E, dE) is [n — 1)- 
connected, and ^ is a ^-structure on the fibrewise tangent bundle T.^E — Ker(_D7r). 

Let us also introduce notation for each of the disjoint summands in (II. 1[) . 

Definition 1.5. Let be a compact 2n-dimensional manifold, and £q : TW\ow — >■ 
0*7 be a ^-structure on dW . We shall write 

BDm\W]£o) = {EmE{W,dW) X Bun^(rM/,r7;4))/Diff(VF,9VF) 

for the homotopy orbit space of the action of Diff(H/,9W^) on Bun^(riV, 6**7; ^o)- 
If £ : TW 6'*7 is a particular extension, we shall write i?Diff^(VK; i?o)« C 
_BDiff^(VF; ^0) for the path component containing £. 

Using the model E'Diff (W^, dW) = Emb^(VF, (-00, 0] x R°°), we have the home- 
omorphism 

N\P4p) = \[Bm&\W;£p). 

w 

Definition 1.6. A tangential structure 6 : B BO{2n) is called spherical if any 6- 
structure on the lower hemisphere C 9_D^"+^ extends to some 0-structure 

on the whole sphere. (If B is path connected, this is equivalent to the sphere 5^" 
admitting a ^-structure.) 
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Most of the usual structures, for example SO, Spin, Spin'^, etc. are spherical, 
but some are not, e.g. framings. Theorem 11.81 below determines the homology of 
Af^{P,£p) after stabilising with cobordisms in the (P, £p)-variable. The following 
definition makes the stabilisation procedure precise. 

Definition 1.7. Let : B BO{2n) be spherical, and K C [0, cxj) x R°° be 
a submanifold with ^-structure £k, such that xi : K ^ [0,oo) has the natural 
numbers as regular values. For A C [0, oo), we let {K\A,iK\A) denote the 0- 
manifold Kr\x^^{A). 

(i) Let C [0, 1] X R°° be a cobordism with ^?-structure £\y, and suppose that 
{W\oJw\o) = (KIqJkIo)- We say that (KJk) absorbs (WJw) if there 
exists an embedding j : W K which is the identity on W\q — K\o, such 
that £k o Dj : TW — ^ 0*j is homotopic to £w relative to W\q. That iir|[i,oo) 
absorbs a 6'-bordism W C + I] x R°° is defined similarly. 

(ii) We say that {K,£k) is a universal 0-end if for each integer i > 0, -fiTj^j is a 
highly connected cobordism and K\[i cxi) absorbs W for any highly connected 
cobordism W C + 1] x R°° with 0-structure £w such that = 

For example, in dimension 2 with 6* = id : BO{2) — > BO{2), we can construct 
a universal 0-end by letting each iiTji j+ij be diffeomorphic to RP^ with two discs 
removed. For = 0"-: BO{2n){n) — > B0{2n), a universal 0-end can be constructed 
by letting each -fC[i.i+i] be diffeomorphic to S" x S" with two discs removed. In 
many other universal 6'-end K can be constructed as the infinite iteration 

of a single self-bordism A'|[o,i]. In particular, this will be the case in the examples 
in Section [T31 below. 

As we shall see, universal 0-ends are unique up to isomorphism in the following 
sense. If {K, £k) and [K' , £'j^) are two universal 0-ends with K\o = K'\o, then there 
exists a diffeomorphism K ^ K' preserving 0-structure up to homotopy, relative 
to K\o. More generally, given a highly connected cobordism {W,£w) from K\o to 
K'\q, there exists a similar diffeomorphism from K to W o K' . 

Theorem 1.8. Let 2n > A and let : B ^ BO(2n) be spherical. Let {K,£k) be a 
universal 0-end with A/'^(if |o, £/f |o) ^ 0. Then there is a homology equivalence 

hocolimAf^ {K\i,£K\i) — ^ n°"MT0', 

i— f oo 

where 0' : P' — )■ P A BO{2n) is the nth stage of the Moore-Postnikov tower for 
£k ■■ K ^ B. 

The property of being a universal 0-end can often be checked in practice, using 
the following addendum, as it is essentially a homotopical property. 

Addendum 1.9. Let : B ^ B0{2n) be spherical, let K C [0, oo) x R°° be a 
submanifold such that /ir|[i is a highly connected cobordism for each integer i, 
and let £k be a 0-structure on K . Then {K,£k) is a universal 0-end if and only if 
the following conditions hold. 

(i) For each integer i, the map ■nn{K\[i^rx,)) ^ T^niB) is surjective, for all base- 
points in K . 

(ii) For each integer i, the map ''^n-i{K\[i.oo)) ^ T^n-iiB) is injective, for all 
basepoints in K . 

(Hi) For each integer i, each path component of K\\j^ ao) contains a submanifold 
diffeomorphic to S" x S" — int(P^"), which in addition has null-homotopic 
.structure map to P. 
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Remark 1.10. It is often useful to consider the homology equivalence in Theorem ll.81 
one path component at a time, so we spell out the resulting statement using the 
notation of Definition 1 1.5 1 Any path component of the infinite loop space Q,°°MT9' 
is homotopy equivalent to the basepoint component iV^MTO' . On the left hand 
side of the homology equivalence, the path component of an element {W,iw) & 
Af^{K\o,£K\o) is the homotopy colimit of the spaces 

BDiff''(l^UAl[o,.];^.Wu£.|,o,.r 

Conversely, given a triple {W, K, £) where K C [0, oo) x M.°° is a non-compact 
manifold such that /iTlfi i+ij is a highly connected cobordism for each integer i > 0, 
W C (~oo, 0] X R°° is a compact manifold with collared boundary dW — K\o such 
that {W, dW) is (n - l)-connected, and £ : T{W U K) ^ 9*^ is a bundle map, the 
Pontryagin-Thom construction described below provides a map 

(1.2) hocolimSDifr^(M^U is:|[o.ji;^j)£ — > n'^MTO', 

where 9' : B' ^ B ^ B0{2n) is obtained from the nth Moorc-Postnikov stage of 
the underlying map W U K ^ B. By Theorem ll.8[ the map (|1.2I) is a homology 
isomorphism, provided that is a universal 0'-end. In particular. Theorem 1 1 . 2 1 can 
be deduced this way: If we let each iir|[i_j_|_i] be diffeomorphic to S*" x S*" — int(D^") 
and let 6* = id : B0{2n) BO[2n), then 9' ^ 9"^ : BO{2n){n) BO[2n), and K 
is a universal 0"-end. Similarly, all examples in Section [1.51 below arise in this way. 

Let us also remark that the homotopy colimit (ll.2p may be replaced by the strict 
colimit BD]Sl{W UK;i), defined by 

BDiS'^^{W UK;£)^ {EBiSdW U K) x Buiic(T{W U K), 9*r, £)) /Diffc(VF U K), 

where Diffc(W^ U K) is the topological group of compactly supported diffcomor- 
phisms of the non-compact manifold W U K, and Bunc(T(VF U K),9*^;£) is the 
space of bundle maps which agree outside of a compact subset oi W U K with £. 

Remark 1.11. The maps in all the theorems above are induced by the Pontryagin- 
Thom construction. We shall briefiy explain this in the setting of Theorem ll.81 after 
replacing N^{P,£p) by a weakly equivalent space, and refer the reader to [MTOli 
§2.3] for further details. First we say that a submanifold W C (— oo, 0] x R''"^ with 
collared boundary is fatly embedded if the canonical map from the normal bundle 
vW to K."^ restricts to an embedding of the disc bundle into (— oo,0] x R"^"^. In 
that case the Pontryagin-Thom collapse construction gives a continuous map from 
[-00, 0] A 5"?^! to the Thom space of vW . Secondly we replace 9' : B' ^ B0{2n) 
by a fibration, and redefine N^{P,£p) as a space of pairs {W,£w) where W C 
(— cx), 0] X R°° is a fatly embedded submanifold, collared near dW = {0} x P, and 
£w -W B' isa continuous map such that 9' o £w ■ W ^ B0{2n) = Gr2„(R°°) 
is equal to the Gauss map and whose restriction to dW is equal to a specified map 
£p : P ^ B' . There is a forgetful map from the space of such pairs to the space in 
Definition 11.41 and standard homotopy theoretic methods imply that it is a weak 
equivalence. If P C R''^^ C R°°, the Pontryagin-Thom construction (composed 
with £p) gives a point 

a{P,£p) e n'i~^{B'{W)^^'^'<) C n°°-HlT9', 

and if {WJw) e U%P,£p) has W C (-oo,0] x R^-^, it gives a path 

a{W,£w) ■■ hoo,0] r!9-i(S'(M«)(«')'^.^) C n°°-^MT9', 

starting at the basepoint and ending at a{P,£p). The space of such paths is ho- 
motopy equivalent to the based loop space, which is il°°AIT9' . Finally, the non- 
compact manifold K C [0, oo) x R°° admits a homotopically unique ^'-structure 
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lifting its 6'-structure and extending the canonical 6''-structure on P = K\o. The 
Pontryagin-Thom construction applied to each cobordism ^^i] then gives a 
path a(if |[i i+i], ) : + 1] — >■ il.°°~^MT6' and the entire process now com- 
mutes (strictly) with the stabilisation maps. 

1.4. Algebraic localisation. There is one final algebraic version of our main the- 
orem. Fix P, a closed (2n — l)-manifold with ^-structure £p : ® TP 9*j. 
As explained in Definition 11.41 a cobordism [K^Ik) from {P,£p) to itself with 
K C [0, 1] X M°°, which is (n — l)-connected with respect to both boundaries, gives 
a self-map of N'^{P,lp) defined hy W ^ W \Jp K - ei. We shall write /Co for 
the set of isomorphism classes of such {K,£k), where we identify {K,£k) with 
{K',£k') if there is a diffeomorphism tp : K K' which is the identity near dK 
such that (p*£k' is homotopic to £k relative to dK. It is clear that the homotopy 
class of the self-map oi N^{P,£p) induced by {K,£k) depends only on the isomor- 
phism class of {K,£k), and we get an action of the non-commutative monoid ICq 
on Hi,{M^ {P,£p)). Our theorem determines the algebraic localisation 

H,{M\P,£p))[K.-^] 

at a certain commutative submonoid JC d ICq which we now describe. 

We say that a 0-cobordism K : P P has support in a closed subset A C P if it 
contains [0, 1] x {P — A) : {P — A) {P — A) as a sub-cobordism with the product 
6'-structure. We let /C C /Co consist of those elements which admit a representative 
with support in a regular neighbourhood of a simplicial complex of dimension at 
most n — 1 inside P, and prove the following lemma. 

Lemma 1.12. The subset /C C /Co is a commutative submonoid. 

We may localise the Z[/C]-module H^,{JV^{P,£p)) at any submonoid C d JC. The 
content of Theorem 11.131 below is an isomorphism 

H,{N''{P,£p))[C-^] = H,{n°°MTe') 

under certain conditions, where 6' : B' ^ B ^ BO{2n) is the (n— l)st stage of the 
Moore-Postnikov tower for £p : P ^ B. To describe the isomorphism explicitly, 
recall that in Remark ll.lll we described a map 

N\p,£p) — > n°°MTe', 

compatible with gluing highly connected cobordisms of {P,£p) equipped with 9'- 
structures, and hence the induced map 

(1.3) H^{U\P,£p)) — >H^{n°°MT6') 

is a map of Z[/C']-modules, where the monoid JC' is defined like JC but using 6' 
instead of 9. An obstruction theoretic argument, which we explain in more detail 
in Section 17. 6[ shows that the natural map /C' — > /C is a bijection, so (|1.3p is 
naturally a homomorphism of Z[/C]-modules. 

Theorem 1.13. Let 2n > 4 and let 9 : B ^ BO(2n) be spherical. Let P be a 
closed {2n — l)-manifold with 9-structure £p : ® TP — >■ 9*^, such that J\f^{P, £p) 
is non-empty. Then the morphism (|1.3p induces an isomorphism 

H,{N%P,£p))[JC-^] — ^ H,{n°°MT9'). 

Furthermore, localisation at a submonoid C d JC agrees with localisation at JC, 
provided C satisfies the following conditions, 
(i) The group 7r„(i?) is generated by the subgroups Im(7r„(iir) — > 7r„(i3)), K <E C. 
(ii) The subgroup o/7r„_i(P) generated by Ker(7r„_i(P) — > 7r„_i(if)), K E C, 
contains Ker(7r„_i(P) — > 7r„_i(P)). 
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(Hi) There is an element of C containing a submanifold diffeomorphic to S"" x S"" — 

(There is a bijection 7ro(P) = 7ro{K), and if P is not connected, conditions 
and i fm)) are required to hold for each path component of P.) 

Applying the functor Hom2[K:](— : Q) to both sides of the isomorphism in the 
theorem identifies the subring of H*{N'^{P,£p); Q) consisting of /C-invariants with 
H*(i}'^MT9';Q). Observing that these classes are also invariant under the larger 
monoid Kq, we deduce the isomorphism 

H*{Af''{P,ep);Q)'^° ^ H*{n^MT0';Q). 

The left hand side can be interpreted as characteristic classes of certain bundles, 
invariant under fibrewise gluing of trivial bundles. 

1.5. Examples and applications. Recall that the connective cover BO{d){k) 
is BSO{d) if fc = 1, BSpin(d) if fc = 2 or 3, and is often called BString(d) if 
= 4, 5, 6 or 7. We write MTSO{d), MTSpin(d) and MTString(d) for the 
corresponding Thorn spectra. As special cases of Theorem ll.8l we have the following 
maps, which become homology equivalences in the limit g — > od. All are deduced 
from Theorem O as in Remark [TlUl with 6* = id : BO{2n) -> BO{2n). 

BBiS{gS^ X S^,D^'' 



BBiSigiMP^ifSP ),D^ 
BmS{gS^ X S"*, 
BDiS{gS^ X 5^i:>l" 
BDiS{gS^ X S^,D^^ 
BBiSigS'^ X S^D^"* 
BDiff (g(Op2#aP^), D^^^ 



n^MrString(8) 
O~MTString(10) 
n~MTString(12) 
17^A/TString(14) 

0^A/rString(16) 



A slightly different type of example is given by BDiS {CP^ ^g x S^, U), where 
U C CP^ is a tubular neighbourhood of CP^. In this case the stable homology 
is that of i7^A/rSpin'^(6), where i?Spin'^(6) is the homotopy fibre of the map 
Pw2 ■■ BSO{6) kIz,3). 

An example where we need a more complicated stabilisation (not induced by 
connected sum) comes from EP^. The map RP^ — >■ BO{6) lifts canonically to a 
3-connected map MpS PPin"(6), where : PPin"(6) B0{6) is the homotopy 
fibre of W2 + : B0{6) K{'Z/2, 2). The standard self-indexing Morse function 
/ : MpS ^[0,6] given by 



f{xo; ■■■ ;X6) = i ■ X 



„2 



has one critical point of each index, and we let = / ^([0,2.5]) = MP^ x D^. 
Cutting out a parallel copy of W gives a 6'-bordism K = /^^([2.5, 3.5]) from dW = 
KP^ X to —dW (i.e. RP^ x equipped with the opposite ^-structure) . Hence 
Kq ^ K o {—K) is a cobordism from dW to itself, and we let K be the infinite 
iteration. In this situation we get a stable homology equivalence 

PDifr((Rp2 X D^) Ua gKo^d) — > r2^AfTPin"(6). 

Another interesting special case concerning the manifolds Wg — #^5" x S" is 
the following. Let (Y, y) be a pointed space, and consider the homotopy orbit space 

S'^{Y,y) = {ED\E{Wg,D^^) X MB.v{{Wg,D^^),{Y,y)))/D\E{Wg,D^^). 
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We can determine the stable homology of these spaces using a Pontryagin-Thom 
map 

(1.4) l[Sl\Y,y)^n°-{Y{n-l)+AMTe'''), 

g>0 

defined as in Remark If .f f I Any map / : {S",D'^) — >■ {Y,y) may be composed 
with the projection S*" x S*" — > S*" to give a map {Wi,D^") — >• {Y,y), which 
induces a map S'g{Y,y) Sg_^_i{Y,y). Thus each such / gives a self- map of the 
left hand side of (jf .4p and a compatible self-map of the right hand side which is a 
weak equivalence. Up to homotopy, the self- maps depend only on [/] S 7r„(y, y) and 
different elements of 7r„(y, y) give homotopy commuting self-maps. Therefore, p.4p 
induces a map from the stabilised homology 

(1.5) (^H.,iS^iY,y))\[7r,,{Y,y)-']^H4n^{Y{n-l)+AMTd-)). 
^g>a ) 

Applying Theorem 11.131 to the projection B : BO{2n) x F — > B0{2n) implies 
that (|1.5p becomes an isomorphism, after restricting to appropriate path compo- 
nents. This result is a generalisation of the result of Cohen and Madsen |CM09j . 
who proved the special case where 2n = 2 and Y is simply connected. (The case 
2n = 2 was generalised to non-simply connected Y in |GRW10) .l 

As a final application, in |GRW12a) we deduce a generalisation of the detection 
result of Ebert ( jEbellj ) . We will prove that for any abelian group k and any non- 
zero cohomology class c € H* (Q'^ MT S0{2n); k), there exists a bundle p : E B 
of smooth oriented manifolds, such that the characteristic class associated to c is 
non- vanishing in H*{B; k). (The case k = Q was proved by Ebert.) 

1.6. Cobordism categories and outline of proof. Finally, let us say a few 

words about our method of proof, which follows the strategy in jGRWlO] and 
|GMTW09] ■ A central object is the cobordism category Cg{'B.'^), whose objects 
are closed (d — l)-dimensional manifolds M C R''^ and whose morphisms are d- 
dimensional cobordisms W C [0,t] x , both equipped with 6'-structures. 

Remark 1.14. The applications described above use only the case where d is even. 
Our results about cobordism categories are valid for odd d as well, but we do 
not know an interpretation in terms of stable homology in that case. In fact, 
Ebert ([Ebe09' ) has shown that there are non-trivial classes in H*{n'^MTSO{2n + 
1); Q) which are trivial when restricted to any i?DifF^(A/^"+-'^). Thus there can be 
no analogue of e.g. Theorem 11.81 expressing H^,{il^ MTS0{2n + 1)) as a direct 
limit of H^{BDiS{W U K\[q ^, K\i)ys. It is an interesting question to find an odd- 
dimensional analogue of our results. 

In the limit N oo, the main result of [GMT W09] gives a weak equivalence 

(1.6) nBCo ~ n°°MTe. 

As in |GRW10) , our strategy will be to find subcategories C C Co, as small as 
possible, such that the inclusion induces a weak equivalence fiBC — >■ UBCg. The 
proof of Theorem 11.81 will consist of applying a version of the "group completion" 
theorem to a very small subcategory of Cg. 

Let P be a (2n — l)-dimensional manifold with ^-structure £p : ® TP — > 
0*7, and suppose the underlying map P — > i? is (n — l)-connected. We pick a 
self- indexing Morse function / : P [0,2n — 1] and set L = /~^([0,ri — i]). 
The restriction L — i? is then still {n — l)-connected. Then we pick a (collared) 
embedding L — )• (— oo,0] x R°°, and consider the subcategory Cg^L C Cg where 
objects M C R X R°° satisfy M n ((-oo,0] x R°°) = L and morphisms W C 
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[0,t] X M X M°° satisfy WD {[0,t] x (-00, 0] x K°°) = [0,t] x L. For both objects 
and morphisms, these identities are required to hold as manifolds. (For later 
purposes, we note that the category only depends on dL: If dLi = dL2, then there 
is an isomorphism of categories which cuts out int(ii) and replaces it with ^2- In 
fact, it is convenient to mentally cut out int(L) and think of objects as manifolds 
with boundary, and morphisms as manifolds with corners.) In Section [5] we prove 
that the inclusion map induces a weak equivalence 

(1.7) BCe,L BCg. 

Secondly, we filter Cg^L by connectivity of morphisms: for k, > —1, the sub- 
category Cg ]^ has the same objects, but a morphism W from Mq to Mi is re- 
quired to satisfy that the inclusion Mi W is K-connected, i.e. that any map 
{D^dD^) {W,Mi) is homotopic to one with image in Mi, for i < k. In Sec- 
tion [3] we prove that the inclusion map induces a weak equivalence 

(1.8) BCg j^ — > BCg^L, 

as long as K < (d — 2)/2. (In the case where k = 0, this is the "positive boundary 
subcategory", and this case was proved in [GMT WOO] .1 

Thirdly, we filter Cg ^ by connectivity of objects: for I > —1, the subcategory 

^S L L ^^^^ subcategory on those objects where the structure map M B 
induces an injection 'Ki{M) — >■ 'Ki{B) for all i < / and all basepoints, or equivalently 
the inclusion L — >■ M is /-connected. In Section U we prove that the inclusion map 
induces a weak equivalence 

(1.9) BC^i BCl^, 

provided I < {d — 3)/2 and / < k. (In the case where I = and B is connected, 
this is the full subcategory on objects which are path connected, and this case was 
proved in f GRWlOj .) 

Fourthly, we focus on the case where d — 2n > A, where we have now reduced 
to Cg^^'"^^, the full subcategory on those objects for which the inclusion L ^ M 
is (n — 2)-connected. In the final step we let C denote the full subcategory on 
those objects M which can be obtained from L by attaching handles of index at 
least n. (This is equivalent to the condition that M — int(L) is diffeomorphic to 
a handlebody with handles of index at most {n — 1), which if n > 3 is in turn 
equivalent to the inclusion L ^ M being {n — l)-connected.) In Section[5]we prove 
that the inclusion map induces a weak equivalence 

(1.10) nBC — > nBCg2^'"~^, 

provided that 9 is spherical. 

In the setup and notation of Theorem 11.81 let us suppose for simplicity that the 
map £k ■ K —i' B is n-connected (so that B' = B), and apply the above discussion 
with P = K\o. This gives a 0-manifold L, and we will show how to construct a 
canonical "double" 0-manifold D{L) having the following special property: for any 
object P € C there is a homotopy equivalence 

C{D{L),P)c,N'{P,£p). 

The weak equivalences (fr6| . ([L7)) . (iLSl) . (fTOl and (jl.lOp estabhsh the homotopy 
equivalence 

flBC ~ n°°MTe, 

and the proof of Theorem ll.Bl in this case will be completed by applying a suitable 
version of the "group completion" theorem to the canonical map C{D{L),P) 

nBC. 
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The weak equivalences (jl.Sp , (|1.9p and (|1.10p are established using a parametrised 
surgery procedure, and the proof depends on the contractibility of certain spaces 
of surgery data. Contractibility is proved in a similar way in all three cases, and 
we defer this to Section [6l Finally, in Section [7] we explain how to use a version of 
the group completion theorem to prove Theorem II .81 and tie things together. 

Sections |3Hn] contain the main technical steps, but on a first reading it is possible 
to skip to Section [7] after reading Section [21 to see the overall structure of the 
argument. The reader mainly interested in Theorems 11.11 and II . 21 can take 6 = 6": 
BO{2n){n) B0{2n) and L = U^n-i ^^^^ above outline and throughout the 
paper. Considering only this special case would not significantly simplify the main 
technical steps in Sections (SHU but the group completion arguments in Section [7] 
do simplify, and we incorporate a separate discussion of this case in Section 17.11 

2. Definitions and recollections 

2.1. Tangential structures. Throughout this paper, an important role will be 
played by the notion of a tangential structure on manifolds. This will be important 
even for the proof of theorems which do not explicitly mention tangential structures 
on manifolds. However, for the proofs of Theorems 11.11 and 11.21 the structure 
6» = 61" : BO{2n){n) ^ BO{2n) suffices. 

Definition 2.1. A tangential structure is a map 6 : B ^ BO{d). A 6-structure on 
a d-manifold is a bundle map (i.e. fibrewise linear isomorphism) ^ : TW — > 6*^. 
A 0-manifold is a pair {W^t}. More generally, a 0-structure on a fc- manifold M 
(with fc < d) is a bundle map £ : e'^'^ © TM 6**7. 

Given vector bundles U and V of the same dimension, but not necessarily over the 
same space, we write Bun(?7, V) for the subspace of map([/, V) (with the compact- 
open topology) consisting of the bundle maps. Thus, ^\in{TW,6*^) is the space of 
6'-structures on W . 

2.2. Spaces of manifolds. We recall the definition and main properties of spaces 
of submanifolds, from |GRW10) . Fix a tangential structure 6 : B ^ BO{d). 

Definition 2.2. For an open subset U C M", we denote by 'i'eiU) the set of pairs 
{M'^,£) where Af* C J7 is a smooth d-dimensional submanifold that is a closed as 
a topological subspace, and ^ is a ^-structure on M. 

We denote by '^Oa-mi^) the set of pairs {M,£) where AI C [/ is a smooth 
[d — m)-dimensional submanifold that is closed as a topological subspace, and £ is 
a 0-structure on M, i.e. a bundle map e™ ® TM -> 0*7. 

In [GRWlOi §2] we have defined a topology on these sets so that U *ed_„(C^) 
defines a continuous sheaf of topological spaces on the site of open subsets of M". 
We will not give full details of the topology again here, but remind the reader 
that the topology is "compact-open" in flavour: disregarding tangential structures, 
points nearby to M are those which near some large compact subset K C U look 
like small normal deformations of M. In particular, a typical neighbourhood of the 
empty manifold e 'i'eiU) consists of all those manifolds in U disjoint from some 
compact K. 

Definition 2.3. Wc define ipg{n,k) C 5'e(M") to be the subspace consisting of 
those 6'-manifolds {M,£) such that Af C M*^ x (—1, 1)"^'^. We make the analogous 
definition of il)o^_^{n, k). 
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2.3. Semi-simplicial spaces and non-unital categories. Let A denote the cat- 
egory of finite non-empty totally ordered sets and monotone maps, the simplicial 
indexing category. Let Ajnj C A denote the subcategory with the same objects but 
only injective monotone maps as morphisms. For a category C, a simplicial object 
in C is a contravariant functor X : A — > C, and a semi-simplicial object in C is a 
contravariant functor X : Ajnj C. A map of (semi-)simplicial objects is a natural 
transformation of functors. 

We call a semi-simplicial object in the category of topological spaces a semi- 
simplicial space. More concretely, it consists of a space X„ = X(0 < 1 < • • • < n) 
for each n > and face maps di : Xn — >■ Xn-i defined for i = 0, . . . , n satisfying 
the simplicial identities didj ~ dj-idi for i < j. We often denote a semi-simplicial 
space by X, , where we treat • as a place-holder for the simplicial degree. 

The geometric realisation of a semi-simplicial space X, is defined to be 

ri>0 

where A" denotes the standard topological n-simplex and the equivalence relation 
is generated by {di{x),y) ^ {x,d^{y)) where : A" — > A"+^ the inclusion of the 
ith face. This space is given the quotient topology. 
The k -skeleton of \X,\ is 

k 

= ]JX„ X A7~ 

with the quotient topology, and one easily checks that \X,\ — \Jk>Q\X,\''^^ with the 
direct limit topology. A useful consequence of this is the following: a map from a 
compact space to \X,\ lands in a finite skeleton. We recall the following result. 

Lemma 2.4. If X, — ^ Y, is a map of semi-simplicial spaces such that each Xn — >■ 
Yn is a weak homotopy equivalence, then |X, | — >■ |Y,| is too. □ 

Remark 2.5. The term semi-simplicial object we have defined above is not quite 
standard (though is gaining popularity) and deserves some justification. Our justifi- 
cation is that it agrees with Eilenberg and Zilber's original usage of "semi-simplicial 
complex" [EZ50| . Another is that the alternative used in the literature is A-space, 
but as A is the indexing category for full simplicial objects this seems counterintu- 
itive. 

A non-unital topological category C consists of a pair of spaces (O, M) of objects 
and morphisms, equipped with source and target maps s,t : M ^ O. We let 
Ai Xtos M. denote the fibre product made with the maps t and s, and require 
in addition a composition map /i : Ai Xtos M ^ M which satisfies the evident 
associativity requirement. 

A non-unital topological category C has a semi-simplicial nerve, generalising the 
simplicial nerve of a topological category |Seg68| . Define N,C by NqC = O and 

NkC = M XtosM Xtos ■ ■■ XtosM k>0 

being the space of fc-tuples of composablc morphisms, and let the face maps be given 
by composing and forgetting morphisms, as in the simplicial nerve of a topological 
category. We define the classifying space of a non-unital topological category by 



BC = \N,C\. 
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2.4. Definition of the cobordism categories. For convenience in the rest of 
the paper, we introduce the following notation. All of our constructions will take 
place inside R x R^, and we write xi : R x R^ — >■ R for the projection to the first 
coordinate. Given a manifold W cR. x R^ and a set ^ C R, we write 

w\A = wnx^\A), 

and we also write £\a for the restriction of a ^-structure £ on W to this manifold. 

Our definition of the cobordism category of 0-manifolds is similar to that of 
[GRWlOj (the only difference is that here will we only define a non-unital category); 
it follows that of [GMTW09 in spirit, but is different in some technical points. We 
use the spaces of manifolds of the last section in order to describe the point-set 
topology of these categories. 

Definition 2.6. For each e > we let the non-unital topological category C6((R^)e 
have space of objects ipSd-i (-^i 0). The space of morphisms from {Mq,£q) to (Mi, ^i) 
is the subspace of those {t, (W, £)) e R x ^g{N + 1, 1) such that t > and 

W^I(-oo,e) - (K X Mo)|(_oo,e) G *«((-(», e) X R^) 

and 

W\it-e,oo) = (M X Mi)|(t_,,,,) e ^/g{{t - e,oo) X R^). 
Here R x denotes the 0-manifold with underlying manifold R x C R x R^ 
and ^-structure 

T(R X M,) — > e^® TM, 61*7. 
Composition in this category is defined by 

{t, W) o {t, W) = (t + t', W^|(_oo,t] UiW' + t- ei)|[t,oo)) 

where W' + t ■ ei denotes the manifold W translated by t in the first coordinate. 
We topologise the total space of morphisms as a subspace of (0, 00) x 'ip0{N + 1,1). 

If £ < e' there is an inclusion CeiR^)^' C C0(R^)e, and we define Ce{R^) to be 
the colimit over all e > 0. 

Note that a morphisni (t, {W,£)) in this category is uniquely determined by the 
restriction {t, (M^|[o,t], ^|[o,t]))- We often think of morphisms in this category as being 
given by such restricted manifolds, but the topology on the space of morphisms is 
best described as we did above. 

As explained in the introduction, we will also require a version of this category 
where the objects and morphisms contain a fixed codimension zero submanifold. 
In order to define this, we let 

LC (-1/2,0] X (-1,1)^-1 

be a compact {d — l)-manifold which near {0} x R^~^ agrees with (—1,0] x dL. 
Furthermore, we let £|l : ® TL ^ 6**7 be a 6i-structure on L. Near dL we require 
that the structure is a product (i.e. that translation in the collar direction preserves 
the structure). Such an i makes R x i into a 6'-manifold with boundary, and we 
make the following definition. 

Definition 2.7. The topological subcategory Ce.L(R^) C Ce(R^) has space of 
objects those (M, i) such that 

A/n ((-00,0] X R^-i) = L 

as 6'-manifolds. It has space of morphisms from (Afo,^o) to (A/i,^i) given by those 
{t, {W,£)) such that 

n (R X (-CX), 0] X R^-i) = Rx L 

as 6'-manifolds. 
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Remark 2.8. The category Ce^L(R^) does not really depend on L, but only on 
dL. It is sometimes convenient to think of the interior of L as being cut out, so 
that objects in the category are manifolds with boundary dL and morphisms are 
cobordisms between manifolds with boundary which are trivial along the boundary. 

If we take L = D"^^^ then the category Cfl_L(M^) is equivalent to the category 
of "manifolds with basepoint" defined in IGRWlOl Definition 4.2]. That case is 
sufficient for the proofs of Theorems 11.11 and 11.21 

The subject of our main technical theorem, from which we shall show how to 
obtain results on diffeomorphism groups in Section [3 is certain subcategories of 
Ce,L(R^) where we require the morphisms to have certain connectivities relative 
to their outgoing boundaries, and objects to be those {M,£m) whose Gauss map 
M ^ B (i.e. the map underlying ■ £^ ffi TM — > 6'*7) has a certain injectivity 
range on homotopy groups. 

Definition 2.9. The topological subcategory ^(R^) C Ce.L(R^) has the same 
space of objects. It has space of morphisms from (Mo,^o) to {Mi,£i) given by 
those {t,{W,i)) such that the pair (W^|[o,t], W^|t) is K-connected, i.e. such that 
■'''i(W^I[o,t]: W^lt) — for all basepoints and all i < k. Thus this is the subcategory 
on those morphisms which are K-connected relative to their outgoing boundary. 

The category Cg is the "positive boundary category" as in |GMT W09| . where 
each path component of a cobordism is required to have non-empty outgoing bound- 
ary. 

Definition 2.10. The topological subcategory Cg'[(R^) C Q^^(R^) is the full 
subcategory on those objects (M, £) such that the map 

: 7r,(M) 

is injective for all i < I and all basepoints. (In our main application in Section [71 
the map L ^ B will be (Z-l-l)-connected. In that case the requirement is equivalent 
to {M, L) being Z-connected.) 

For our final definition we specialise to even dimensions. 

Definition 2.11. Let d = 2n and let 

^C^o (0b(C^-i^"-2(R^))) 

be a collection of path components of the space of objects. The topological sub- 
category Cg^^''^{R^) C ^"'^'"^^(R^) is the full subcategory on the subspace of 
those objects in A. 

For N = oo, we shall often denote Ce(R°°) — coliniAr Ce(R^) by Cg, and similarly 
with any decorations. 

2.5. The homotopy type of the cobordism category. The main theorem of 
[GMTWOO] identifies the homotopy type ilBCe in terms of the infinite loop space 
of a certain Thom spectrum MT9. 

Recall from the introduction that given a map 9 : B ^ BO{d) — Grd(R°°) 
we let B{W) = 6l-i(Grd(R")) and define 7^ ^ Grd(R") to be the orthogonal 
complement of the tautological bundle. The canonical map i?(R") _B(M"+^) 
pulls back 9*^:^j^i to 9*^:^ ® and hence we obtain pointed maps 

(b(M")®'''" ) A — > B(R"+i)^*^"+i 

of Thom spaces, which form a spectrum MT9. Its associated infinite loop space is 

Q.°°MT9 = colinil7" (B{W' f^^A . 
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Theorem 2.12 (Galatius-Madsen-Tillmann-Weiss jGMTWOQj l. There is a canon- 
ical map 

riBCe — > n°°MTe 

which is a weak homotopy equivalence. 

We write Vl'^MTO for the basepoint component of ^l°°MT6, and now describe 

the rational cohomology of this space. The map B A BO{d) BO(l) on funda- 
mental groups defines a character wi : t^i{B) — >• Z^, and we write H*{B;Q'^^) for 
the rational cohomology of B with local coefficients given by this character. For 
each n there are evaluation maps 

ev : S"!]" (b(M")®*^" ) — ^ B(R")''*T" 

and so we can define the dotted map in the diagram 

iJ*+'^(B(]R"); Q'"!) !■ ); Q) 



Thorn iso. 



Suspension iso. 



i7*+"(B(R")^*T" ;Q) ^^iJ*+"(I]"i]"(B(R")«'''" );Q) 

by commutativity. Taking limits and restricting to the basepoint component, we 
obtain a map 

a : iJ*+'^(B;Q™i) — > H*{n^MT9;Q) 

and the right-hand side is a graded-commutative algebra, so a extends to the free 
graded-commutative algebra on the part of Q™i ) of degree > 0, 

A(i/*+''>°(B;Q"'i)) — > H*{n^MTe;Q). 

This is an isomorphism of graded-commutative algebras. 

2.6. Poset models. A key step in the proofs of jGMTW09| and |GRW10] iden- 
tifying the infinite loop space BCg is to first identify this classifying space with 
the classifying space of a certain topological poset. The result holds for all vari- 
ations of the cobordism category mentioned above; we prove the general result in 
Proposition 12.141 below. 

Definition 2.13. Let C C Cg{R^) be a subcategory Let 

C M X ]R>o X ijg{N + 1,1) 

denote the subspace of triples {t, e, {W, £)) such that [t — e,t + e] consists of regular 
values for xi : W ^ M., and W\t £ Ob(C). Define a partial order on Dg by 

if and only if {W, £) = (W , £'), t + e < t' - s and W\[t,t'] e Mor(C). 

Proposition 2.14. LetC C C0^l{^^) C Ce(M^) be a subcategory which consists of 
entire path components of the object and morphism spaces of Cg^L{^'^)- Then there 
is a weak homotopy equivalence 

BC ~ BD^. 

Proof. We introduce an auxiliary topological poset Dg''^ which maps to both Dg 
and C. It is the subposet of Dg consisting of (t, e, {W, £) such that (W, £) is a product 
over {t — e,t + e). This conditions means that if we write VF|t = {t} x M and give 
M the inherited ^^-structure, then 

W^I(t-e,t+5) = it-e,t + e)xA4 
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as ^-manifolds. Then there is a zig-zag of functors 

where the first arrow is the inclusion of the subposet and the second is the functor 
that sends a morphism (a < b,W,£) to the manifold (W^|[a,6] — o- • ei) extended 
cylindrically in (—00, 0] x M.^ and [b — a, 00) x . This induces a zig-zag diagram 

and we prove that both maps are weak equivalence for all k in the same way as in 
|(;RW101 Theorem 3.9]. □ 

Applying the above construction to the categories Cg 'j^(R^) we obtain topological 
posets Dg'l^(R^) and weak homotopy equivalences 

(2.1) BCg;[(M^) ~ ^^^'[(R^). 

Similarly, when we specialise to the case d = 2n and let A C ^o(Ob(C;',^''""'(R^))) 
be a collection of path components of objects, we obtain weak homotopy equiva- 
lences 

(2.2) BCg-^^^-^{R^) ~ BD'^-^^-^{R^). 

2.7. The homotopy type of Ce,L(R^). In [GRWlOi Theorems 3.9 and 3.10] we 

proved that there is a weak homotopy equivalence BDg{M.^) ~ tpg{N + 1, 1), which 
combined with Proposition [2?lH gives 

(2.3) BCs{M.'^)^BDe{M.^)-tlJe{N+l,l). 

(Strictly speaking, in that paper we worked with a version of De{R^) where e = 0, 
but the obvious map induces a levelwise weak equivalence of nerves.) For the 
purposes of this paper we require a slightly stronger version of this result, taking 
into account the submanifold L. 

Proposition 2.15. There are weak homotopy equivalences 

BCexi^^) - BDexiR^) - ^eA^ + 1, 1) 

where '4'e,L{N + 1, 1) C ipe{N + 1, 1) is the subspace consisting of those {W,£) such 
that n (M X (-00, 0] X M^-i) = Rx L as 9-mamfolds. 

Proof. The proof of jGRWlOl Theorem 3.10] applies verbatim. □ 
Proposition 2.16. The inclusion 

i ■■ iJeAN + 1,1) ^ MN + lA) 
is a weak homotopy equivalence. 

Proof. This is similar to jGRWlOl Lemma 4.6], which is essentially the case L = 
D"^^^. It requires careful analysis of ^-structures, so let us, for this proof only, 
denote the 6'd-i-structure on L hy £l : ® TL — > 6**7. We first want to construct 
the double D[L) of L as a 0(i_i-manifold, and a canonical 0-null-bordism of it. 
Recall that L is a submanifold of (—1/2,0] x (—1,1)^"^ which we identify with 
{0} X (-1/2,0] X (-1,1)^-1 c (-1,0] X (-1/2,0] X (-1,1)^-1. Let V c (-1,0] x 
(—1/2, 1/2) X (—1, 1)^^^ denote the subset swept out by rotating L around (0,0) 
in the half-plane (—1, 0] x (—1, 1). As L was collared, this subset is a d-dimensional 
submanifold with boundary, and L lies in its boundary. We define D{L) = dV, and 
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L ~ D{L) ~ int(i). The inclusion L ^ is a homotopy equivalence, so there is a 
unique extension up to homotopy 



7 



TV, 

where the vertical map sends to the outwards pointing vector. This restricts to 
a ^-structure on D{L), and hence on L, and V gives a 0-cobordism V '■ D{L). 

Similarly, we can rotate L in the half-plane [0,1) x (—1,1) around the point 
(0,-1/2) to obtain a submanifold of [0,1] x [—1,0] x (—1,1)^^^, extending to a 
6'-cobordism U C [0,1] 2< [-1,0] x (-l,_l)^-i, ending at {1} x [-1,0] x dL and 
starting at {0} x {L\J {L — ei)), where L — ei C [—1, \) x (—1, 1)^^^ denotes the 
parallel translate of L. 

The 0-manifolds U and V give us the tools we need. D{L) is a submanifold of 
(-1/2, 1/2) X (-1, l)^-\ so we have a 6l-manifold M x D{L) C K x (-1/2, 1/2) x 
(—1, 1)^~^. We define a map 

r:^e(iV + l,l)^?Ae,i(Ar+l,l) 

which given {W,t) C M x (—1,1) x (—1,1)^^^ applies the affine diffeomorphism 
(— 1, 1) ^ (1/2, 1) to its second coordinate, and then takes the (disjoint) union with 
R X D{L). 









) 

















y 







Figure 1. Adding and removing L. 



The composition i o r is homotopic to the identity as the 0-null-bordism V of 
D{L) may be used to push the cylinder R x D{L) off to the right. A similar 
argument, pushing U to the left, proves that the composition r o i is homotopic to 
the identity. Figure [T] shows how. □ 

Combining this proposition with Proposition 12.151 and the homotopy equiva- 
lence (|2.3p gives the following corollary. 

Corollary 2.17. For any pair {L,£l) as in Definition \2. 7\ the inclusion 



is a weak homotopy equivalence. 



□ 



18 



S0REN GALATIUS AND OSCAR RANDAL-WILLIAMS 



2.8. A more flexible model. From the poset models of Section we construct 
the semi-simplicial spaces 

D^;[(R^). = iV.£)^;[(E^). 

The remarks of Section 12.61 and Proposition 12.151 show that the geometric reali- 
sations of these semi-simplicial spaces are models for the classifying spaces of the 
categories Cg']^(M^) in which we are interested. The benefit of working with these 
semi-simplicial spaces instead of the cobordism categories is that we can often make 
constructions which are not functorial, yet give well-defined maps between geomet- 
ric realisations of the semi-simplicial spaces involved. 

To make this technique easier to apply, we will define an auxiliary semi-simplicial 
space X^''. We wiU prove that its geometric realisation is weakly equivalent to 
BCg''i^{M.^), but it will be easier to construct a simplicial map into X^'' than into 

N,Cg''^{E.^) or £>g'j^(R^),. The space X^'' also depends on A^, but we omit that 
from the notation. 

Deflnition 2.18. Let 6* : B ^ BO{d), N and L be as before. Let -1 < k < 

— 1 < ^ < K and —1 < I < d — K — 2. Define X!^'^ to be the semi-simplicial space with 
^»-simplices consisting of certain tuples {a,e,{W,£)) such that a = (ao,...,ap) £ 
W+\ e = (£o,-.-,ep) e (K>oF+\ and (WJ) G *e((ao - £o, + £p) x M^), 
satisfying 

(i) W c{ao- £0, ap + Sp) x (-1, 1)^, 

(ii) W and (ag — £o, Op + £p) x L agree as 0- manifolds on the subspace X2^^(— oo, 0], 

(iii) ai_i + £i_i < fli — £i for all i = 1, . . . ,p, 

(iv) for each pair of regular values to < ti € Ui(ai — Si^ at + Si), the cobordism 

is K-connected relative to its outgoing boundary, 

(v) for each regular value i G (a^ — e-i, Ui + Si), the map 

induced by £\t, is injective for all basepoints and all j < I. 

We topologise this set as a subspace of M^+i x (M>o)p+^ x *0((-1, 1) x R^), where 
we use the standard affine diffeomorphism (—1, 1) = (ag — £o,ap + £p) to identify 
^e{{ao - £o, cLp + Sp) x R^) with 1) x K^). The jth face map is given by 

forgetting aj and Sj, and if j = 0, composing with the restriction map \['0((ao — 
Eo, Op + Ep) X —7' ^'e((ai — £i, Op -I- £p) x M^), and similarly if j = p. 

There are semi-simplicial maps Dg'^(]R^), — > X!^' , which on p-simplices are 
given by sending (a, £, {W, £)) with {W, £) G \l/6i(IR. x M^) to the same thing restricted 
down to ^'fl((ao — £o, Op + £p) x R^). 

The semi-simplicial space X^'^ is easier to map into (by a semi-simplicial map) 
than Dg;[(M^). for two reasons. Firstly, we do not require that the intervals 
{ui — ei,ai + Ei) consist entirely of regular values: instead we allow critical values, 
and conditions (pv]) -(jvj) ensure that the critical values do not affect the essential 
properties of the space. Secondly, we discard those parts of the manifold outside 
of (oq — £o, ap -I- £p), and so do not need to worry about controlling parts of the 
manifold outside of the region. 

Definition 2.19. In the case d = 2n, with^ C 7ro(Ob(C;7^'""^(R^))) a collection 

of path components of objects, we make the entirely analogous definition of X^~^''^ . 
Precisely, in Definition 12 . 1 81 we replace condition (jvj) by 

(jv() for each regular value t G (oi — £i,ai -I- £i), the ^d-i-manifold (M^|t,£|t) lies in 
A. 
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The following is our main result concerning these models, and together with 
(|2.ip and (I2.2p provides weak homotopy equivalences BCg'{^(M^) ~ and, in 

the case d = 2n, BCe"^''-^(M^) ~ 

Proposition 2.20. Let k and I satisfy the inequalities in Definition \2.18i The 
semi-simplicial map Dg\[MJ^), and in the case d — 2n also the map 

Dg~j^^'^(M.'^), — )• X^"^'"^ , induce weak homotopy equivalences after geometric real- 
isation. 

Proof. For the proof we introduce an auxiliary semi-simplicial space X^''. Its p- 
simplices are those tuples 

ia,e,{W,£))eW+' x (R^oT^^ ^ MN + I A) 

satisfying the conditions of Definition l2.18[ except that the interval (oq — So, CLp + Sp) 
is replaced with R in ([!]) and dn]). We can regard Dg'^(R^), as a subspace of X^' , 
and we have a factorisation 

The map is a weak homotopy equivalence in each simplicial de- 

gree, by methods similar to |GRW1Q[ Theorem 3.9]. Briefly, in simplicial degree 
p choose — continuously in the data (ao, Cp, Eq, £p) — diffcomorphisms (ao — eo, ip + 
£p) = R which are the identity on [oq, ftp]. Using this family of diffcomorphisms to 
stretch gives a map X^-' — >■ X^-', which is homotopy inverse to the restriction map 
X^ - ^ ^X^ K 

To show that the first map induces a weak homotopy equivalence on geometric 
realisation, we use a technique which we shall use many times in this paper. That 
is, we consider a map 

/:P",a2?")-^(|X:^'|,|D,-:i(R^).|) 

representing an element of the nth relative homotopy group, and show that it may 
be homotoped through maps of pairs to a map with image in |£'g'^(R^),|. 

For each x G D" the point f{x) is a tuple [t, a, e, {W{x),£)), and we may choose 
a pair (a^^, such that [a^ — e^, -I- e'^] C iii{{ai — ei,ai + Si) — {a^}) and that 
— e^,a^ -I- consists of regular values of xi : W{x) — ?> M. By properness of 
xi : W{x) — >■ M, there is a neighbourhood Ux B x for which [a^ — e^,a^ + e^] 
still consists of regular values. The Ux's cover I?" and we let {Uj}j^j be a finite 
subcover. We may suppose that 7^ a'^, as otherwise we may change the cover by 
letting f/j = Uj U Uk with (a-')' = = a'' and (e^)' = min(£-^, e''). Once the are 
distinct, we may shrink the so that the intervals [a^ + — e^] are pairwise 

disjoint, and so that no Ui lies in such an interval. 

As the intervals [a^ + e^,a^ — e^] are chosen to consist of regular values, the 
data {{Uj,a^ ,s^)}j^j, together with a choice of partition of unity subordinate to 
the cover by the tj's, determine a map / : D" -^• |Dg"^'^^(R^),| with the same 
underlying family of 0- manifolds. As [a^ —e^,a^-\-s^] C Ui(ai — ei,ai-|-£i), this new 
family satisfies conditions (pv|) and (jv{ of Definition 12.181 (as the old family did) so 
/ actually has image in the subspace \Dg'^{R^),\. There is a homotopy H oipo f 
to / as follows: on underlying 0-manifolds it is constant, but on the interval data 
we first use the straight-line homotopy from the data {(a-', e^)} to the data {(oi, e)} 
where we choose e < min(ei) small enough so that [a^ — e,ai + e] is disjoint from 
the [a^ — -I- e-*]. This straight-line homotopy is in the bary centric coordinates: 
as the intervals are all disjoint, the join of the simplices they describe also lies in 
|i:>g;[(M^).|, and so there is a canonical straight line between them. Then we use 
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the obvious homotopy from the data {{ai,e)} to the data {{ai,ei)} that stretches 
the e's. The restriction of H to 91?" remains in the subspace |Dg'j^(IR^), |, and so 
H gives a relative null- homotopy of /. 

The case when d = 2n and A is chosen is identical. □ 

3. Surgery on morphisms 
In this section we wish to study the filtration 

QA^^) C • • • C Ci,i(R^) C C,%(R^) c C.XiR^) = C,,i(M^) 

and in particular establish the following theorem. The reader mainly interested in 
TheoremsOandOcan take d = 2n, 6 = 6" : BO{2n){n) B0{2n), L = D^"-!, 
and N = oo (but the proof does not simplify much in this special case). 

Theorem 3.1. Suppose that the following conditions are satisfied 

(i) 2K<d-2, 
(a) K + l + d < N, 

(Hi) L admits a handle decomposition only using handles of index < d — k — 1. 
Then the map 

BQ^R^) BC^;^\R^) 
is a weak homotopy equivalence. 

The proof of Theorem 13.11 consists of performing surgery on morphisms, in order 
to make them more highly connected relative to their outgoing boundary. Making 
this idea into a proof has two main ingredients. Firstly, we construct for each 
morphism in a contractible space of surgery data. The space is defined in 

Definition 13.21 and the precise statement is Theorem 13.41 Secondly, we implement 
the surgery described by the surgery data, using a standard one-parameter family 
of manifolds defined in Section [321 

In order to motivate some of the more technical constructions, let us first give an 
informal account of this technique. For simplicity, we suppose that N = oo, that 
we have no tangential structure, that L = 0, and that k = 0. We first apply the 
equivalence (|2.ip to reduce the problem to studying the map 

BL>" — > BD-^ 

of classifying spaces of posets. Let 

(T = (to, ti;aQ, ai; eo, ei;W) e BD~^ 

be a point on a 1-simplex (for example), where {to,ti) £ are the barycentric 
coordinates. We will describe a way of producing a path from its image in 
into the subspace \ . The proof of Theorem l3.1l will be a systematic, parametrised 
version of this construction. 

If the cobordism VF|[ao,ai] is already 0-connected relative to its outgoing bound- 
ary, then the image of a in \X~-^\ already lies in the subspace \X^\, and we are 
done. If not, we may choose distinct points 

such that the pair (W|[oo,oi], (W^Ui) U Ua /"(*)) is 0-connected. We then choose 
tubular neighbourhoods of these points to obtain codimension embeddings fa '■ 
£)d _^ W\[ao.ai]i which wc cau extend to an embedding 

ea : [S^, {+!}) X D'^ — > ([«„, oo) x R°° , [ai + £i, oo) x R^). 

As the original points /«(*) were distinct, we may suppose the embeddings are 
disjoint. Now on each 6^(5''' x D'^) we do the surgery move shown in Figure [51 
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a move similar in spirit, though much simpler, than that described in |GMTW09l 
§6.2]. 




Figure 2. The basic move for surgery on morphisms. 

More precisely, Figure[5]describes a continuous 1-parameter family of d-manifolds 
Vt, t e [0,1], depicted (for d = 2) by its values at times t = 0, The 
family comes equipped with functions to R, depicted in the figure as the height 
function. The family starts at the manifold Vq = S'^ x D'^, and we may cut out each 
60(5'^ X D'^) from W and glue in Vt, to obtain a 1-parameter family of manifolds 
Wt, each equipped with a height function Wt — >■ M, with Wq = W. The values 
{ao,ai} do not remain regular throughout this move, so this does not describe a 
path in the space BD^^. However, the intervals (oj — ei,ai + Si) do only contain 
isolated critical values, so it does describe a path in the space l^^^]. Furthermore, 
at the end of the move we obtain a manifold Wi = W such that .a^j, VFjaJ 

is 0-connected, and hence a point in \X^\. By Proposition 12.201 this proves that 
■7To{BD°) — > ■7To{BD~^) is surjective, as required. 

This surgery move generalises easily to the case when N is finite (but large 
enough), L 7^ 0, and k > (the analogue of the surgery move will start with 

X D'^^'^). However, it does not generalise well to the case of arbitrary tangential 
structures (to understand how it can fail, we suggest that the reader attempt to 
impose a family of framings to the family of 2-manifolds in Figure [2]) . One way 
to fix this would be to use the surgery move described in |GMTW09l §6.2], but 
that does not seem to generalise to k > 0. Instead we modify the surgery move 
in Figure [5] as shown in Figure [31 As we shall see (in the proof of Proposition 13.61 
where we also explain the analogous process for k > 0) there is a canonical way 
of extending any tangential structure on {—1} x D'^ to the resulting 1-parameter 
family of manifolds. 

3.1. Surgery data. In order to implement the ideas discussed above, we will fatten 
the semi-simplicial space I?^ ^(M^), up to a bi-semi-simplicial space ^(R^),_, 
which includes suitable surgery data. The space D^^(R^).,. is described in Defi- 
nition [S!31 below, using the following notation. Let V C V C M''+^ x R''"" be the 
subspaces 

V" = (-2, 0) X M'' y=[-2,0]xR'^ 

and let : y — ?> [~2,0] C R denote projection to the first coordinate, which we 
call the height function. Let (9_C+^ C dD'^'^^ denote the lower hemisphere (i.e. 
Q O'^+i = azjK+i n ([-1, 0] X R«)). We shall also use the notation [pY = A([p], [1]) 
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Figure 3. In the refined move for surgery on morphisms, these 
pictures replace the last two frames in Figure [51 



when [p] £ Ainj. The elements of [p]^ are in bijection with {0,. . . ,p + 1}, using 
the convention that ip : [p] ^ [1] corresponds to the number i with (p^^(l) = 
+ 1, . . . ,p}. Finally, we fix once and for all an uncountable set fl. 

Definition 3.2. Let x = (a,e, {W,£w)) e Dg~^^(R^)p and define Zg{x) to be the 
set of triples {A,6,e), where A C il is a finite set, S : [p]'^ x [q] is a function, 
and 

e : A X F M X (0, 1) X (-1, 1)^-^ 
is an embedding, satisfying the conditions below. We shall write Aij = S~^{i,j), 
^i,3 — ^\a- xv ^"^^ — ^i-i (^i-i ^ d^D'^^^ X {0}) for < i < p + I and 

< J < g/" ' _ 

(i) On each subset (a;ioe||;^j^y)^^(afc — Sfe, afc+£fe) C {A}xV^, the height function 
xi o e coincides with the height function h up to an affine transformation. 

(ii) e sends A x h~^{()) into x^^iap + ep,oo). 

(iii) For i > 0, e sends A^j- x hr^{—'i/2) into x^^{ai^i cx)). 

(iv) e sends A x h^^{—2) into x^ (—00, ao — £o)- 

(v) e~^{W) = A X X M'^-'^. 

(vi) For each j and each i G {1, . . . the pair 

(M^lK_„a.],l^|a.UA,jlK-l.a.]) 

is K-connected. 

For each x, Zt{x) is a semi-simplicial set: Given an injective map k : [q] ^ [q'], we 
replace A by the subset (5^^([p]^ x Im(fc)), compose S with [p]^ x k~^, and restrict 
e. Explicitly, the face map dj forgets the embeddings e* j 

Note that the set Zq{x) consists of those (g + l)-tuples of elements of Zq{x) which 
are disjoint. 

Definition 3.3. We define a bi-semi-simplicial space ^(R^),,, as a set by 

D0,Li^'')p,, = {{^,y) I ^ e D^,;^\R'')p,ye z,{x)) 

topologised as a subspace of 

/ V (p+2)(<;+l) 

D^-j}{R^)p X j ]J C°°(A X y,M^+i) j 
Vaco / 



STABLE MODULI SPACES 



23 



The space Dg ^{R^)p^q is functorial in [p] g Ajnj by composing 5 : A — > [p]^ x [g] 
with the induced map [p']^ [p]^ and functorial in [q] G Ainj in the same 
way as in Definition 13.21 Exphcitly, the face map di in the q direction forgets 
the embeddings e*^i and in the p direction takes the union of e^^* and e^+i,*. 
We shall write Z)g^(M^)p^_i — Dg~j^(R^)p, and there is an augmentation map 
D^j^{M.^)p^g Dl^{R^)p^^i which' forgets ah surgery data. 

The main result concerning this bi-semi-simplicial space is the following, whose 
proof we defer until Section [6] 

Theorem 3.4. Under the assumptions of Theorem \3.1[ the augmentation map 

induces a weak homotopy equivalence after geometric realisation. 

In fact, we shall prove this theorem with condition Q of Theorem 13.11 replaced 
by the weaker condition 2k < d — 1. The stronger assumption 2k < d — 2 will be 
used in Lemma 13.71 

3.2. The standard family. We will now construct a one-parameter family of 
submanifolds ofV^ = (—2,0) xM'' which formalises the family of manifolds depicted 
in Figures [5] and [21 Let us write coordinates in x R''"'^ as {u,v). First define 

an element Vq e x x R''-'^) as 

Choose a function ip : [0, oo) — >■ [0, oo) that is the identity function on a neigh- 
bourhood of [1/2, oo), takes value 1/4 near 0, and has ip" > 0. We then define an 
embedding by 

g' : M^+i X dD'^^'' — > D''+^ x R'^-'' 

{u,v) I — > {u/ip{\u\),ip{\u\) ■ v), 
and another embedding g : R'^+^ x dD'^-'^ ^ [-2, 1] x R'^ x R'^-'' by 

g{u, v) = g'{u, v) + t{u) { ^^2 ^ ' ^' ^ 

where r : R''+^ — > [0, 1] is a bump function supported in a small neighbourhood of 
the point uo = (—1/2,0) e M x R'^ , having t(uo) — 1, t[u) < 1 otherwise, and no 
critical points in r^^((0, 1)). We can arrange that the support of r be small enough 
that it is contained in the region where ip{\u\) = \u\. We let Vi C R'^+i denote the 
image of g and V'l be the image of g'. We then define 

by intersecting the manifolds Vq, Vi with the open set V = (—2, 0) x R'*. 

To construct Vt & ^d(^) for intermediate values of t € [0,1], we first observe 
that Vo and V[ agree on the subset \v\ > 1/2 and that Vi agrees with them on 
the smaller subset [t"! > 1 (when the support of the bump function r is sufficiently 
small). Starting with the two submanifolds Pq and Pi C R x R'^ x R''"", we then 
pull the region {(u,w) | \v\ < 1} downwards by decreasing the first coordinate in 
R X R'', until the region where the submanifolds may disagree is moved completely 
outside of V . This gives two one-parameter families of submanifolds which, upon 
restricting to V, give two paths in 5'd(^) starting at Vo and Vi and ending at the 
same point in '^d{V). Concatenating one path with the reverse of the other, we get 
the desired path from Vo to Vi . 
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Spelling this process out in a little more detail, we first choose a function p : 
[0, oo) -> [0, oo) taking the value 1 near [0, 1], the value near [2, oo), and which is 
strictly decreasing on p~^(0, 1). We then define embeddings 

Ht-M.xM!' X W^-'' — ^ K X M'' X K''"'' 

{s,x,y) I — > {s-t- p{\y\),x,y) 

which for all t restrict to the identity for |?;| > 2. Define one-parameter families of 
manifolds by 

V^t = VC^Ht[Vo) = {H^t\v)-\Vo) 

rl = vnHtiA) = {H^tWrHVi)- 

The second description shows that these are closed subsets of V and describe con- 
tinuous functions M — > '^d(V). It is easy to see that we have 7^° = V} € '^d{V) for 
t > 3, and we then define the path Vt as the concatenation 

= n° ^ ^3 = 'Pi ^ 'Pi = 'Pi 

in '^d{V)^ reparametrised so that the path has length 1. We collect the most 
important properties of this family in Proposition 13 .61 below. The following remark 
partially explains how it relates to an ordinary K-surgery. 

Remark 3.5. Let Q{u,v) = + where as usual {u,v) e M'^+i x R''"'^. For 

t G [0, 3] the function (u, v) Ht{u/\u\, v) defines a diffeomorphism to from an 
open subset of Q^^{t — 3) (namely the inverse image of V by that function) and 
similarly the function (u, v) ^ Hto g[u, v l\v\) defines a diffeomorphism to Vl from 
an open subset of Q^^(3 — t). The inverses of these diffeomorphisms give smooth 
embeddings Vi — > Q^^{t — 3) and Vf — > Q^^{3 — t) and it is easy to verify that 
for i = 3 the two resulting enibedings — Vl ^ Q^^(O) agree, and so glue to a 
continuous family of embeddings Vt — >■ Q~^{6t — 3). 

The continuous map 1 1-> Vt has graph given hy V — {{t,x) e [0,l]xV \ x G Vt}- 
The above remarks give an embedding V — > 3,3]) and it is easy to verify 

that the image is disjoint from the straight lines from to po = (~l/2, 0, —1/2, 0) G 
M X X M X R'^-'^-i and from po to pi ^ (-1/2,0, -VT3/2,0). Thus we get a 
diffeomorphism from V to an open subset of the contractible set 

Q = g-i([-3,3])- ([0,po]U[po,Pi]). 

Proposition 3.6. For 2k < d— 1, the 1-parameter family Vt G '^diV)? defined for 
t € [0, 1], has the following properties. 

(i) The height function, i.e. the restriction of h : V (—2,0) to Vt C V, has 
isolated critical values. 

(ii) Vo = int(a_D«+^) x R'^-'^, where d-D'^+^ ^ dD''+^ f] ([-1,0] x M''). 
(Hi) Independently oft€ [0,1] we have 

Vt - (M''+^ X B^-^iO)) = mt{d-D''+^) x {R'^-" - B^-^iO)). 

For ease of notation we write Vf for this closed subset of Vt • 
(iv) For all t and each pair of regular values —2 < a < b < of the height function, 
the pair 

(3.1) {Vt\laM,Vt\bliVf\laM) 

is K-connected. 

(v) For each pair of regular values —2<a<b<0of the height function, the pair 

{Pl\la.b]^Pl\b) 

is K-connected. 
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Furthermore, ifVo is equipped with a 9 -structure £ we can upgrade this, continuously 
in £, to a 1 -parameter family Vt{£) € "^eiV) starting from {Vo,£) such that 
(Hi' ) The path Vt{t) is constant as 6 -manifolds near . 

Proof. We have seen properties (p])~ (pli|) during the construction (the statement 
in (jml would stih be true with 3 replaced by 2, but we wish to emphasise the 
smaller set). For property (pv)) we consider two cases depending on the value of a. 
In the case a > — 1, the pair p.ip is homotopy equivalent to the pair 

{Vt\[aM^Vt\b), 

using e.g. the gradient flow trajectories of h to deform T^f |[a,fc] back to 'Pf\b- In the 
case a < — 1 we consider the modified height function, defined using the coordinates 
{u,v) e K'^+i X R'*"'' as h{u,v) = h{u,v) + X{\v\), where A : [0,oo) [0,oo) is 
a smooth function which is on [0,4] and restricts to a diffeomorphism (4,oo) — > 
(0, oo). We claim that the inclusion of pairs 

(3.2) {Vtnh'\[a,b]),Vtnh'\b)) ^ (VtliaM^VtlbUr^llaM) 

is a homotopy equivalence. To define a homotopy inverse, we first consider the 

continuous, piecewise smooth function pt '■ [0,oo) (0, oo) defined for t < b hy 

Pt(s) = l for se [0,2], 

/^ A-i(6-i) ^ . , 

pt(s) = for s e [3, oo), 

s 

and by linear interpolation for s e [2, 3]. Then the function (u, v) i— ^ iu,v ■ 
restricts to a homotopy inverse of (j3.2p , where both homotopies are given by straight 
lines in R''+i. 

In either case, the connectivity question is reduced to studying the inverse image 
of an interval relative to its outgoing boundary and can be studied as in ordinary 
Morse theory one critical level at a time. The proof of (pv|) will be finished once we 
establish that for each critical value of /i : — )■ M in the interval (a, b), the function 

can be perturbed in a neighbourhood of the critical set contained in h ((a. b)) to 
a Morse function with at most a critical point of index < d — k — 1. (In the case 
a > —1 we have h = h near any critical point of /i, so it suffices to consider h.) It 
is easy to verify that h : V° ^ R has at most two critical values in (—2, 0). One 
critical value moves with t and is homotopically Morse of index for < i < 1 
and index k for 1 < t < 3 (meaning that the function can be perturbed to a Morse 
function with one critical point of that index). The other is at —1 and can be 
cancelled (meaning that the function can be perturbed to a non-singular function 
there). Since 2k < d — 1 and hence k < d — k — 1, the index is at most d — k — 1 as 
claimed. Similarly, one verifies that h : V} —?' R has at most two critical values in 
(—2,0), one of which is —1 and can be cancelled, the other of which moves with t 
and is homotopically Morse of index d — k — 1. 

Property (jvj) can be proved in a similar way. In the case a < —1 < b the pair 
is a relative {d — l)-cell, so it is {d — 2)-connected and hence K-connected (since 
d> 2 and 2k < d—1). In all other cases the inclusion Vtlb — ^ ^t|[a,6] is a homotopy 
equivalence. 

To establish the extra properties which can be obtained given a ^-structure £ 
on Vq = int(9_L»'"+i) x R''-'', we again use the graph V = {{t,x) G [0,1] x 
M''"'"^ I X e Vt} and its identification with an open subset of the manifold Q from 
Remark 13.51 The tangent bundles TVt assemble to a d-dimensional vector bundle 
TyV — >■ V which then becomes identified with the restriction of the vector bundle 
TyQ = KeriDQ : TQ ->■ T[-3, 3]) and since both To and Q are contractible, there 
is no obstruction to picking a vector bundle map r : TyQ — > TVo which is the 
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identity (with respect to the identifications) over Vo and each Vf — C Vo. We 
can then restrict r to rt '■ TVt -> TVo and let Vt [t) have the 6'-structure £o rt- □ 

Let {a,e,{W,iw),G) G _Dg^(M^)p_o, with e ~ {ei,o}f=o (where we omit A and 
(5 : A ^ [p]^ from the notation). We construct a 1-parameter family of 0-manifolds 

ICliWJw) G *e((ao - eo, + £p) x R^), 

< G [0,1], by letting it be equal to W\(^ao~eo,ap+Ep) outside of the images of the 
ei,o\Aijxv, and on each eifl{{X} x V) we let it be given by ei.o({A} x'Pt{£w°Dei,o)). 
This gives a 0- manifold, as by the properties established above, Vti^w ° Dei a) and 
Vo{lw ° De.fi) agree as 6'-manifolds near the set (-2, 0) x K'^ x (M'^-« - B^"'^(0)). 

Lemma 3.7. Lef 2k < d— 2. T/ie iwp/e (a, e, /C* (VF, i?iy)) *s an element of Xp~^. 
If either t — 1 or {W,lw) G Dg ^{R'^)p, then {a,e,ICl{W,lw j) ^*es in the subspace 

Proof. We must verify conditions ©-(jvj) of Definition 12.181 Condition (P is true 
by definition, and certainly ([n]) is satisfied as the embeddings e^^o are disjoint from 
R X L. For and (jvj) there is nothing to say. 

For livl, consider regular values a < 6 G Ui(ai — e^, Ui + ei) of the height function 
xi : Wt — JC\{W,iw) K. The cobordism Wt|[a,6] is obtained from W^|[a,b] by 
cutting out embedded images of cobordisms 'Po|[aA.6A] indexed by A G A = n^Ai o 
and gluing in 'Pt\[ax,bx\^ where a\ < bx are regular values of the height function on 
Vq and Vt- If we denote by X the complement of the embedded ei.o(int(i9_£'''+^) x 
-^3 "(0)) in the manifold W|[a,6], there are homotopy push-out squares 

X\b >Wt\b 



X >Wt\biiX 

and 

UxeA'Ptlb, U {VXm) > Wt\b U X 



UxeAT^tlla^M^] >Wt\[a,b]- 

The left hand map of the second square is a disjoint union of the maps discussed in 
property (Irvl) of Proposition 13.61 so is K-connected. As this square is a homotopy 
push-out, the right hand map is also K-connected. 

The pair {X,X\b) is obtained from the manifold pair (W^|[o,b], W^lb) by cutting 
out embedded copies of {D'^ , dD^). By transversality we see that this does not 
change relative homotopy groups in dimensions * < d — k — 2, which includes * < k 
by our assumption that 2k < d — 2. In particular, suppose the pair (VF|[o,6], W\b) 
is fc-connected, with k < k, then the pair {X,X\b) is fc-connected too. As the first 
square above is a homotopy push-out square, the inclusion Wt\b — > Wt|b U AT also 
has this connectivity. 

Hence the composition Wt\b — > W^t|b U X — > iyt|[a,6] has the same connectiv- 
ity as W\b — > W^|[a.fc], up to a maximum of k. This establishes that the tuple 
{a,£,ICl{W,£w)) is an element of Xp~^, and also that it lies in X^ if {W,£w) hes 
in Dg ^ {MJ^ ) . When i = 1 , there is a little more to say. 

Step 1. Suppose a <b <E {ai — Si, Ui + Si). Then (M^|[a,fc]j W\b) is cx)-connected and 
so (Wi|[Q,b], W^ilh) is K-connected, by the discussion above. 
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Step 2. Suppose a e (ai_i — e^-i, a^-i + ei_i) and h £ {ai — Ei, Ui + Si). We now do 
the surgeries for A^^o C A first, giving a family of manifolds Wt- We claim that the 
pair (Wi|[a,b], Wi|b) is K-connected. Once this is established, doing the remaining 
surgeries to obtain Wi does not change this property, as we have seen above. 

Recall from Definition I3.2[|vil) that the pair (Wo|[a,6], (Wolb) U (-Di,o|[a,6])) is k- 
connected, where A,o = ei^oiM.o x d-D'^+^ x {0}) C W = Wq. If we write 
A,o = ei,o(Ai,o X d-D^+^ x{v}ciW = Wo for some v G M''-« - ^^"'"(0), then the 
pair (Wo|[a,b], (Wolb) U {Di,o\[a,b])) is also K-connected. Now the subset Di^o C is 
contained in Ci^oi^.o x Vq), so we can regard Di^o as a subset of Wt for all t e [0, 1]. 
The same transversality argument as before now shows that (A", A"!?, U £'j,o|[a.fc]) 
is also K-connected, and the same gluing argument shows that (VFt|[a,6], W^tlfc U 
Di,o\ia,b]) is K-connected for all t G [0,1]. When t = 1, Proposition I3.6fr vj) shows 
that the inclusion Di,o|[a,6] ~^ W^i|[a.fc] is homotopic relative to -Di^olfc to a map into 
Wi\b, and hence (Wi|[a_f,], Wi|b) is K-connected. 

Step 3. For general a < 6 G Ui(ai — e^, + Ei), we may choose regular values in 
each intermediate interval (a^ — Sj,aj + Sj). By the previous case, this expresses 
W'l |[a,b] as a composition of cobordisms which are each K-connected relative to their 
outgoing boundaries, and the hence the composition also has that property. □ 

3.3. Proof of Theorem 13.11 We begin with the composition 

where the first map (induced by the augmentation) is a homotopy equivalence by 
Theorem 13.41 and the second is a homotopy equivalence by Proposition 12.201 We 
will define a homotopy 

S^:[OA]x\Dl^{R^),,,\~^\Xr'\ 

starting from this map so that ^(1,—) factors through the continuous injection 
|A"^| — Furthermore, there is an inclusion 

as manifolds equipped with no surgery data, and will be constant on this sub- 
space. The existence of a homotopy with these properties establishes Theorem l3.1l 
as follows: there is a diagram 

>\x:\ 

\Di^(R^),^,\^\xr'\ 

where the square commutes, the horizontal maps are weak homotopy equivalences, 
the top triangle commutes exactly and the bottom triangle commutes up to the 
homotopy S^. Taking homotopy groups we see that the vertical maps are also weak 
equivalences. Under the equivalence BCg ^^{R^) ~ l-'^^l, and similarly for (k — 1), 
we obtain Theorem 13. II 

To define the surgery map .y we will give a collection of maps 

^p,, : [0, 1] X Dli^{R^)p,, xA"-^ X^-' 

compatible on their faces. The construction of the last section gives a 1-parameter 
family 

{a,e,W,e) ^ (a, e, /C^(W^)), 



28 



S0REN GALATIUS AND OSCAR RANDAL-WILLIAMS 



for r e [0, 1], such that K,^ lands in Xp. When q — 0, we set 

^p,o(r, {a,e,W,e)) = (a, e, /C;'(W^)) e X^-\ 

More generahy, for q > we have e = {eij}, and for each j we get an element 
(a, e, W, e*,j) G i:>^_i(M^)p,o- We then set 

yp^,{r, (a, £, W, e), s) = (a, e, /Cf^'^ o • • • o /Cf°;(W^)), 

where Sj = Sj/ max(sfc). Note that some Sj is always equal to 1, so when r = 1, some 
JCl^ . is applied to W making each morphism ^-connected relative to its outgoing 
boundary. The remaining /Cg* ^ do not change this property, by Lemma 13.71 and 
so the map S^p^q{l, — ) factors through the subspace X^ . 

The resulting map from nq[0, 1] x Dg j^{M.^)p,g x A'? factors through a map 

S^p:[0,l]x\Dl^{R^)p,,\^X^-\ 

which together form a map of semi-simplicial spaces with geometric realisation ,5^ : 
[0,1] X \Dl^{R^),,,\ ^ \Xr^\. On the subspace |7?^_^(K^).| ^ |i^-^(R^).,o|, 
the homotopy is constant as there is no surgery data. At r = 1 it factors through 

ix:i. 

4. Surgery on objects below the middle dimension 

In this section we wish to study the filtration 

C;1(R^) c • • • c C;1(R^) c C,-;°(R^) c C,%-i(M^) = q^(R^) 

and in particular establish the following theorem. The reader mainly interested in 
Theorems O and O can take d = 2n, k = n - 1, 6* = 6*" : B0{2n){n) B0{2n), 
L = D'^"^^, and N = oo (but the proof does not simplify much in this special case). 

Theorem 4.1. Suppose that the following conditions are satisfied 

(i) 2{l + 1) < d, 
(ii) I < K, 
(Hi) I < d — K — 2, 
(iv) l + 2 + d<N, 

(v) L admits a handle decomposition only using handles of index < d — I — 1, 
(vi) the map El '■ L ^ B is (I + \)-connected. 
Then the map 

is a weak homotopy equivalence. 

The proof will be similar in spirit to that of the last section, in so far as we 
will define a contractible space of surgery data and describe a surgery move which 
compresses BCg'^^^ (M.^) into the subspace J5Cg'j^(R^). In the same way that the 
surgery move of the last section was a refinement of that of [GMTW09| , the surgery 
move we use in this and the next section is a refinement of that of |GRW10j . Let us 
first give an informal account of this move, and for simplicity suppose that N — oo, 
that we have no tangential structure (i.e. we consider 6* = id : BO{d) -> BO{d)), 
that L = 0, and that d > 2, Z = and k = 0. We first apply the equivalence p.ip 
to reduce the problem to studying the map 

of classifying spaces of posets. Let 

cr = (to, ti;ao, ai;eo, ei;W) e BD°~'^ 
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be a point on a 1-simplex (for example), and let us suppose that W\ai is already 
connected (so 7ro(Vl^|ai) injects into ■Ko{BO{d))). We will describe a way of produc- 
ing a path from the image of this point in into the subspace jX^'^'l. 

If M^lao is already connected, then the point a already lies in \X,' \ and there is 
nothing to prove. Otherwise, let us choose disjoint embeddings 

such that if we perform 0-surgery along all of these embeddings, the resulting (d— 1)- 
manifold is connected. As k = 0, the cobordism W^|[ao.ai] is path connected relative 
to its top, and so we can extend the fa to smooth maps 

fa ■■ (ao - £o, ai + £i) x 5" — >W 
such that the standard height function (i.e. the projection to (ag — £o,a,i + £i)) 
and xi o fa agree inside (xi o fa)^^(^{0'i — £i, o-i + have supposed that 

d > 2, we may assume that these fa are mutually disjoint embeddings. By taking 
a tubular neighbourhood, we extend the fa to embeddings 

Ca ■■ (ao - £0, ai + £i) X R'^-^ x S° W 
which are still mutually disjoint, and extend these further to disjoint embeddings 

ea : (ao - £o, ai + £i) x R^^^ x R x M°° 

such that e~^{W) — (ao — £o, ai + £i) x R''^^ x 5°. It is clear that we can arrange 
the same relationship between the standard height function on (oq — £o, ai + £i) x 
R''"^ X and the function xi o Ca as we have over (ag — £o, ai + £i) x R''^^ x S*". 

The surgery move is then given by gluing the trace of a 0-surgery on R**^^ x 5° 
inside of (ao — £o, ai -I- £i) x M.'^~^ x D^, into R x R°° using each of the embeddings 
Ca, as shown in Figure^ This docs not define a path in BD'^'~^, as (ai — £i, ai-|-£i) 




Figure 4. The surgery move for surgery on objects below the 
middle dimension. 

will contain a critical value at some points during the path. However, it does define 
a path in jxi*'"^!. Furthermore, if we let W be the manifold obtained at the end 
of the path, then W\ao is obtained from W\ao by doing 0-surgery along the data 
{ea\{ao}xR<'-'^xS'>}aeA and so is connected. Also, W\a-i is obtained from W\ai by 
doing 0-surgery along the data {ea\{ai}xR'i-'^xS"}aeA, and as it was connected to 
start with (and d > 2), it remains connected. Hence (io, ^i; ao, ai; £o, £i; M^) S 
as required. 

This surgery move generalises well to ^ > 0, to finite (but large enough) N, 
and to non-empty L, but to make it work with general tangential structures 9 we 
must equip the surgery data {ea}ai£A with extra data describing how to induce a 
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^-structure on the surgered manifold. We will first give a definition of 0-surgery, 
then describe the standard family, and finally go on to describe the semi-simplicial 
space of surgery data analogous to that of Section 13.11 

4.1. 0-surgery. Consider a 6'-manifold {M,£m) and an embedding e : K'*"'^^ x 
5' ^ M, and let C be the d-dimensional cobordism obtained as the trace of the 
surgery along e. Thus dinC = M and doutC = M is the result of the surgery. 

The data of a 0-surgery on M is an embedding e as above along with a 9- 
structure £ on C which agrees with Im on M . This induces a 0-structure on M. 
We will typically give the data of a 0-surgery extending an embedding e by giving 
an extension of the 6'-structure Im o De on W^-'--^ x S'- to W^-'-'^ x Up 
to homotopy, this is the same as specifying a nuU-homotopy of the map S*' — >■ B 
underlying the 6'-structurc on M"*^'^^ x . 

4.2. The standard family. Let us construct the one-parameter family of mani- 
folds depicted in Figure |H Choose a function p : R — K which is the identity on 
(—00,1/2), has nowhere negative derivative, and has p{t) = 1 for all t > 1. We 
define 

K = {{x, y) € R''-' X R'+i| = - 1)}, 

a smooth d-dimensional submanifold, contained in R"*-' X which outside of 

the set -B^'(O) x D'+i is identically equal to R'^"' x S'. Let 

h = xi:K — ^ R 

denote the first of the x coordinates, which is the height function we will consider 
on K. This function is Morse with precisely two critical points: (—1, 0, . . . , 0) of 
index I + 1 and (1, 0, . . . , 0) of index d — I — 1. 

We now define a 1-parameter family of d-dimensional submanifolds Vt inside 
(—6, —2) X R'^"'^^ X in the following way. Pick a smooth one-parameter family 
of embeddings As : (—6,-2) (—6,0), such that Aq = Id, that As|(_e _4) = id for 
all s, and that Ai(— 3) = —1. Then we get an embedding At xldRd : (—6, — 2) xR'^ — > 
(-6,0) X R'^ and define 

Vt = (At X IdK.)-i(if) e ^-^((-6,-2) X R-^-'-i X R'+i). 

It is easy to verify that Vt agrees with (—6, —2) x R''^'^^ x 5' outside (—4, —2) x 
B^'-i(O) X D'+i, independently oft. 

We shall also need a tangentially structured version of this construction, given 
a structure £ : Tif|(_go) — 8* J- For this purpose, let w : [0,oo) — >• [0,1] be a 
smooth function such that w(r) = for r > 2 and w(r) — 1 for r < \pl. We define 
a 1-parameter family of embeddings by 

V't : (-6, -2) X W^-^-^ X R'+i — > (-6, 0) x M.'^-^-^ x R'+i 
(s,x,y) I — > (Atc^(|a;|)(s),a;,?/), 

It is easy to see that we also have '^i^(K) = (At x \A^d)'~^(K) = Vt, and we define 
a 0-structure on Vt by pullback along ipf This gives a family 

Vtie) e ^'e((-6,-2) X R"*-'-! X R'+1), 

and we record some important properties in the following proposition. We will omit 
£ from the notation when it is unimportant. 

Proposition 4.2. The elements Vt{t) G *e((-6, -2) x W^-^-^ x R'+i) are 0- 
submanifolds o/(— 6,— 2) x R''^'^^ x satisfying 

(i) Vo{tj = i^|(-6,-2) (-6,-2) X R'^-'-i X 5*' as O-manifolds. 

(a) For all t, Vt{i) agrees with K\(^_q _2) as 9-manifolds outside of (—4,-2) x 
B^-'-i(O) X D'+i. 



STABLE MODULI SPACES 



31 



(Hi) For all t and each pair of regular values — 6<a<6<— 2o/ the height 
function ft, : T'f — > K, the pair 

{'Pt\[a.b]^'Pt\b) 

is {d — I — 2)-connected. 
(iv) For each regular value a of h : Vt ^ (—6,-2), the manifold Vt\a is either 

isomorphic to Vo\a or is obtained from it by l-surgery. 
(v) The only critical value of h : Vi ^ (—6,-2) is —3, and for a G (—3,-2), 

Vi\a is obtained by l-surgery from Vola = M.^^^^^ x S*' along the standard 

embedding. 

In ifuij) and 1^, the 9 -structure on the surgered manifold is determined (up to ho- 
motopy, cf. Section \4-.l\ l by the 9-structure on _ftr|(-_g q)- 

The precise meaning of the word isomorphic in |iv|) above is the following: By (|ii]) 
we know that the manifolds are equal outside (—4, —2) x '^^(0) x Being 
isomorphic means that the identity extends to a diffeoniorphism which preserves 
^-structures up to a homotopy of bundle maps which is constant outside (—4, —2) x 
B^-'-i(O) x D^+\ 

Proof. ^ and ([n]) follow easily from the properties of A* and ijjt , and the fact that 
K agrees with M'*"' x S"' outside B'^'' x R'+^. It follows from the properties of 

oj that the 6'-structures agree outside B^^^ x M'+^. For dm)) , the Morse function 
Vt (—6,-2) has at most one critical point, and that has index I -\- 1. If the 
critical value is in {a,b), then the pair is {d — I — 2)-connected, otherwise 'P\[a,b] 
deformation retracts to V\b. The fact that the Morse function has at most one 
critical point, of index Z + l, also implies (pv|) by definition of surgery (and 0-surgery, 
cf. Section |4TT) . Finally, the property that Ai(— 3) = — 1 and Ai(— 4) = —4 implies 
that h : Vi ^ (—6, —2) does have a critical point of index I + 1, with critical value 
—3, which proves (jvj). □ 

4.3. Surgery data. We can now describe the semi-simplicial space of surgery data 
out of which we will construct a "perform surgery" map. In the following section 
we will describe how to construct this map. 

Before doing so, we choose once and for all, smoothly in the data (a^, e^, Op, Sp), 
increasing diffeomorphisms 

(4.1) (p = ip{ai, Ei, Op, Sp) ■■ (-6, -2) = {oi ~ Si, Op + Sp) 

sending — 3 to — ^e^ and —4 to — jSi. 

Definition 4.3. Let x = {a,e,{W,ew)) e Dg''-^\m.'^)p, and write M, = W\a,. 
Define the set Yq{x) to consist of tuples {A,6,e,£), where A C 51 is a finite set, 
6 : A [p] X [q] is a function, 

e : A X (-6, -2) x W^-^-^ x D^+^ R x (0, 1) x (-1, 1)^"^ 

is an embedding, and £ : T(A x _ftr|(„g q)) 0*-f is a bundle map, satisfying the 
conditions below. We shall write Aij = S~^{i,j) and 

e^J : A,j X (a, - e^, Op + Sp) x R'^-'^-^ x D^+^ ^ M x (0, 1) x (-1, 1)^"^ 

for the embedding obtained by restricting e and reparametrising using (14.11) . 

(i) e~^{W) = Ax (-6,-2) x R'^-^-^ x SK We let 

de: Ax (-6, -2) x W^-^-^ x ^ W 

denote the embedding restricted to the boundary. 

(ii) For any i = 0,...,p and t e (oi — Si,ai + e^), we have (xi o eij)^^{t) = 
A,j X {t} X R'*-'-! X D'+i. 
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(iii) The composition ^vi/oI?(5e : T{AxK\(^_q _2)) — ?> 0*7 agrees with the restriction 
of 1 

If we let £ij denote the restriction of £ to T{Aij x iir|(_g gj), the data {eij,£i_j) is 
enough to perform 6'-surgery on Mi (as iir|(_6,o) is the trace of an Z-surgery), and 
we further insist that 

(iv) For each j = Q, . . . ,q and i = 0, . . . ,p, the resulting 0d_i-manifold Mi has the 
property that nk{Mi) — )• TTk{B) is injective for k < I. 

For each x, Y,{x) is a semi-simplicial set in the same way as in Definition 13.21 

Note that the set Yg{x) consists of those (g + l)-tuples of elements of Yo{x) which 
are disjoint. 

Definition 4.4. We define a bi-semi-simplicial space I?g']^(M^),^, (augmented in 
the second semi-simplicial direction) as a set by 

and topologise it as a subspace of 

/ \ (p+i)(g+i) 

^fll'(R'^)p X II C^°°(A X V,R^+') X Bun(r(A x K\(_e^o)),0*7) 
Vaco / 

where V denotes the manifold (—6,-2) x M''^'^^ x _D'+^. Explicitly, the face map 
dk in the q direction forgets the surgery data {ei,j,£i,j) with j = fc, and the face 
map dk in the p direction forgets both the surgery data {eij,£ij) with i = k and 
the fcth regular value. 

The main result about this bi-semi-simplicial space of manifolds equipped with 
surgery data is the following, whose proof we defer until Section [5] 

Theorem 4.5. Under the assumptions of Theorem \4-.l\ the maps 

|i?-[(M^).^o| |i?«"[(K^).,.| |Z?«:i-i(M^).| 

are weak homotopy equivalences, where first map is the inclusion of 0-simplices and 
the second is the augmentation, in the second simplicial direction. 

In fact, we shall prove this theorem assuming the conditions of Theorem 14.11 
except ((ill)) . That condition will be used in the proof of Lemma l476l 

4.4. Proof of Theorem 14.11 We now go on to prove Theorem 14.11 so suppose 
that the inequalities in the statement of that theorem are satisfied: 2{l + 1) < d, 
1<K, l<d— K — 2, l + 2 + d<N,L admits a handle decomposition using only 
handles of index < d — I — 1, and and the map £l ■ L —i' B is {I + l)-connected. 

Let {a,£,{W,£w),e,£) € Dg'{^(R^)p,o- For each i ~ 0,...,p, we have an em- 
bedding Ci = Ci^o and a bundle map £i = £ifi, from which we shall construct a 1- 
parameter family of elements /C'. ^.(VF, £w) G ^'e((ao ^ ^o, CLp + £p) x R^), t e [0, 1] 
as follows. Changing the first coordinate of the manifolds Vt{£i) by composing with 
the reparametrisation functions of (j4.ip . we get a family of manifolds 

Vt{ti) e ^e{{a^-e^,ap + ep) x R''-'-^ x 

having all the properties of Proposition 14.21 where property (jvj) now holds for all 
regular values in (a^ — ie;, Op + Sp). Then for t £ [0, 1], let 

I^Ia(^>^w) e ^e{{ao-en,ap + ep) x M^) 

be equal to I^|(ao-eo-ap+ep) outsidc the image of e^, and on ei{Ai x (a^ — ei,ap + 
Sp) X M''^'^^ X be given by ei{Ai x Vti£i))- This gives a 0-manifold, because 



STABLE MODULI SPACES 



33 



Ai X Vti^i) and x Vol^i) agree as ^-manifolds outside of (a^ — |£i,ap + Sp) x 
Bt^-\0) X D'+i. 

As the embeddings are all disjoint, this procedure can be iterated, and for a 
tuple t = {tQ,...,tp) e [0, l]P+^ we let 

Lemma 4.6. Firstly, the tuple {a, ■^e,K.l i{W,£w)) is an element o/Xp''~^. Sec- 
ondly, if ti = 1 — so the surgery for the regular value a; is fully done — then for any 
regular value h of xi : IClg{W,£w) —t' M. in the interval {oi — \£i,ai + ^e^) we have 
that 

'K,{JClj{W,tw)\b) ^ i^,{B) 

is injective for j < I. 

Proof. For the first part we must verify the conditions of Definition 12.181 Condi- 
tions (p])- (pli|) are immediate from the properties of (a, e) that we start with, the 
disjointness of the surgery data from M x L, and the fact that the standard family 
Vt has isolated critical values. 

For condition (|Iv)) we proceed exactly as in the proof of Lemma 13.71 using prop- 
erty (Iml of the standard family, that the pair {Vt\[a.h\^'Pt\b)^ and hence the homo- 
topy equivalent pair 

(^tlM],(^d6)U([a,6] X (M'^-'-i-i32^-'-i(0)) x 5')) 

is {d — I — 2)-connected, and so in particular K-connected as we have supposed that 
l<d~K-2. 

For condition (jvj), let 6 S (oi — \ei,ai + \ei) be a regular value of the height 
function on /C* g{W,lw), and define ^^-i-manifolds 

M = JCi/WJw)\b 
M = W\b. 

By Proposition 14.21 ( pv)) . the 6'd-i-manifold M is obtained from M by performing 
^-/-surgeries. Let C : M M he the 0-cobordism given by the trace of these 
surgeries. We have the commutative diagram 

(4.2) 

and C is obtained by attaching {I + l)-cells to M or by attaching {d — I — l)-cells 
to M . Hence i is surjective for j < I and 7 is bijective for j < d — I — 3. Since 
our assumption 2{l -I- 1) < d implies I < d — I — 3, a,s long as j < I, the right hand 
diagonal map is injective whenever the left hand one is, and in particular for all 
J<1-1- 

We now prove the second part, so suppose ti — 1. We construct the manifold 
/C* g{W, £w) by first taking /C^. ^. (IV, £w) and then performing the remaining surg- 
eries to it. Let M — K\, (^,{W,lw)\b, so that M is obtained from M by ^surgery. 

We first show that nj{M) T^j{B) is injective for j < I. By property (|iv|) of the 
complex of surgery data, {ei,£i) is enough surgery data on M = to make the 
map on tt/ be injective after performing it. By property (jvj) of the standard family, 
as b > Oi — ^Ei the manifold M has all of this surgery done, and so TTj{AI) — ^ T^jiB) 
is injective for j < I. 
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By the previous argument, with M replaced with M in (j4.2p . the remaining 
surgeries do not change this injectivity property. □ 

In the composition 

|D,-;i(R^).,.| \D';f-\^^),\ \x:-'-^\ 

both maps are homotopy equivalences by Theorem l4.5l and Proposition l2 . 20l respec- 
tively. There is also an inclusion 

as the subspace of manifolds equipped with no surgery data, and the second map 
is a weak homotopy equivalence by Theorem 14.51 
We define a map 

^p:[0,lf+ixi^,^;[(R^)p,o X;^'-' 

(t,{a,e,(W,£w),e,t)) ^ {a,\e,JCl,{W,iw)), 

which has the desired range by the first part of Lemma |4.6[ and furthermore sends 
(I, . . . , 1) X Dg'^j^{R.^)pfi into Xp''. On the boundary of the cube this map has 
further distinguished properties: one is given by the second part of Lemma 14.61 
The second is that, by Proposition 14.21 we have an equality /C^. ^.(W) — W of 
6'-submanifolds of (oq — Eq, Up + Sp) x K.^. Thus we obtain the formula 

(4.3) d,yp{dH,x) = yp^i{t,d,x) 

where c?* : [0, 1]^ — [0, 1]^+^ adds a zero in the ith position, and the di are the face 
maps of the semi-simplicial spaces Z?g'^(R^),.o and X^' 

We wish to assemble the maps S^p to a homotopy y : [0, 1] x |Dg'{^(R^),_o| — >■ 
Hence we define A,')/' : ^ [0, 1]^'+^ by the formula; 
\{t) = min(l,2t,) 
V'^(t) = max (0, 2t, - 1) , 
where again ti — U/ max(ij), and a map H : [0, 1] x A^* ^ [0, 1]^+-^ x A^ by 

These may be used to form the composition 

Fp : [0, 1] X i?,^;[(R~)p,o x A?" ^ i?«;[(R^)p,o x [0, 1^+^ x -^^^ Xf-^ x A". 
Lemma 4.7. These maps glue to a homotopy y : [0, 1] x |Dg'[(R^).,o| -> 1^^ 

Proof. The points Fp{s, x, d^t) and i^p_i(s, diX, t) are identified under the usual face 
maps among the Xp'^^^ x A^. This follows immediately from the formula (|4.3p 
and the observation that \{dH) = d'(A(i)), i}{dH) = d'{-)jj{t)) and Y.ji'jid'i) = 
E.V-.W- □ 

By construction, the map y{l,—) : |Dg'|^(M^),^o| — > 1-^^''"^! factors through 
the continuous injection \X!^'''\ — ^ This may be seen at the level of the 

maps Fp, since the domain of Fp is covered by the 2^+^ closed sets obtained by 
requiring for each i either Xi{t) = 1 or V'i(i) = 0, on each of which the map Fp{l, — ) 
composed with X^-'-i x A^ ^ \X!^'^~^\ factors through If A,(t) = 1, the 

surgery near the regular value Ui is completely done (and so by the second part 
of Lemma 14.61 it does not matter what the remaining surgeries do near the regular 
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value Qi); if not, then ipi(t) — and by the face identifications, we can forget the 
regular value a^. 

The homotopy is constant on the subspace |_Dg'j^(R^),| ^ |Dg'j^(]R^),,o|i and 
by the argument in Section [3.31 we deduce the weak equivalence in Theorem 14. II 

Remark 4.8. It is possible to weaken condition of Theorem 14.11 to the map 
£l : L ^ B being /-connected, in which case the method of Section [5] below can 
be used to prove that the inclusion gives a weak equivalence from _BCg'{^(]R^) to a 
union of path components of SCg '|^^(R^). 

5. Surgery on objects in the middle dimension 

We now restrict our attention to even dimensions, and write d = 2n. Given a 
collection of path components A C 7ro(Ob(Cg ^^'"~^(E^))), in Definition 12.111 we 
defined 

to be the full subcategory on this collection of objects. To state our main theorem 
concerning these subcategories, we first need a definition. 

Definition 5.1. We say a tangential structure 9 is reversible if whenever there is 
a morphism C '■ M N m Cgx, there also exists a morphism C : ^ M in this 
category, whose underlying manifold is the reflection of C. 

In Proposition 15.61 we prove that this property is equivalent to 9 being spheri- 
cal, as defined in Section [T] (i.e. the 2n-sphere admits a ^-structure extending any 
given structure on a disc). We can now state our main theorem concerning these 
subcategories, analogous to Theorem 14. 1 1 but in the middle dimension. The reader 
mainly interested in Theorems 11.11 and [L^ can take 9 = 9": B0{2n){n) — > B0{2n), 
L = D^"^^, N = oo, and A the class of objects which are either diffeomorphic to 
with its standard smooth structure and 6'-structure or are not ^-bordant to 
g2n-i^ (Again, the proof does not simplify much in this special case). 

Theorem 5.2. Suppose that 
(i) 2n > 6, 
(ii) Sn+KN, 
(Hi) 9 is reversible, 

(iv) L admits a handle decomposition only using handles oj index less than n, 
(v) the map £l '■ L ^ B is (n ~ l)-connected, 
(vi) the natural map A — >■ 7ro(i3Cg ^""^'""^(E^)) is surjective. 
Then 

BCe"-'-^(R^) ™> BCe"^''""'(M'^) 
is a weak homotopy equivalence. 

The surgery move that we will employ is similar to that of the last section, 
but has a crucial difference. In the last section, when we performed the surgery 
move to make be a good regular value, we glued a family of manifolds having 
the effect of performing Z-surgery on the level sets W^Ui, but at the same time 
performing Z-surgery on all higher level sets. In Section 21 Z < (c? — 2)/2 = n — 1, 
and therefore performing /-surgery on a {2n — l)-manifold which is /-connected 
preserves its /-connectedness. In this section, we will need to change level sets by 
doing (n — l)-surgery on (2n — l)-manifolds, and this is much more delicate. For 
example, any 1-manifold can be made connected by performing 0-surgeries, but 
performing further 0-surgeries will disconnect it again. 

Instead we use a modified surgery move, which will let us perform (n— l)-surgery 
on a level set W\a and leave all other level sets W\b unchanged, except when b is 
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very close to a. For n — 1, this was done in [GRWlOj . and the construction there 
generalises to higher n. Let us briefly recall and depict the case n — 1. We start 
with the same surgery data as in Section |4l a collection of embeddings 

{ea ■■ (oo - eo,ai + ei) x x ^ R x R°°}aeA, 

but glue in to the image of each the path of manifolds shown in Figure [5l This 




Figure 5. The surgery move on objects in the middle dimension. 
In the last frame we have indicated the level set at oq in light grey, 
to emphasise that it is modified by the surgery. 



defines a path in the space |, and if the handle in Figure [S] which we have 

moved into the manifold is "thin" enough (with respect to the height function) 
then the manifold W obtained at the end of the path has W\ag and W\ai both 
connected, and so lies in 

In order to make sense of this surgery move in the presence of 0-structures, we 
must equip the 1-parameter family of manifolds shown in Figure[S]with 0-structures 
which start at a given structure, are constant near the vertical boundaries, and at 
the end of the path the level sets above and below the handle should be isomorphic 
as 6'-manifolds to the level sets before the handle was added. This last property 
does not hold in general: for example, if we equip the original manifold in Figure [S] 
with a framing, one may easily see (using the Poincare-Hopf theorem) that there 
is no framing on the final manifold consistent with these requirements. As we will 
see, this problem goes away when 9 is assumed to be reversible. Let us first discuss 
the reversibility condition in more detail. 

5.1. Reversibility. Recall that a tangential structure 9 : B ^ BO{d) is called 
spherical if any structure on a disc D C S'^ extends to one on S"^. (When B is path 
connected, this is equivalent to the d-sphere admitting any structure at all.) Let 
us first discuss some related conditions on tangential structures 6* : S — > BO{d). 

Definition 5.3. A tangential structure 9 : B ^ BO{d) is once-stable if there exists 
a map 9 : B BO{d + 1) and a commutative diagram 

B >B 

6 § 

BO{d) >BO{d+l) 

which is homotopy pullback. 

A tangential structure 9 is weakly once-stable if there exists such a diagram for 
which ■ni{BO{d),B) ■ni{BO{d-\- 1), -B) is surjective for z = d + 1 and bijective for 
i < d, for all basepoints. 
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From the commutative diagram in the definition, there is a bundle map ® 
6'* 7 — > ^*7. Hence a 6'-structure TM^ —> 6**7 on a d-manifold W induces a bundle 
map ® TW — 9*'y. If 6* is weakly once-stable we may deduce the converse, that 
a bundle map ® TW — >■ 9*j is homotopic to one that arises from a 6'-structure. 
More precisely, we have the following useful lemma. 

Lemma 5.4. Let 6 : B ^ BO{d) be weakly once-stable. Let W be a d-manifold 
and let i ■ TW\a — > 0*"f be a 9-structure defined on a closed submanifold A C W . 
Then £ extends to a 9-structure TW — > 0*7 if and only if the stabilised bundle map 
e'^ (B £ ■ (B TW\a (S 0*j extends to a bundle map over all of W. 

Proof. Without loss of generality, we may assume that 9 and 9 are Serre fibrations. 
Let us write s : BO{d) — ^ BO{d + 1) for the stabilisation map, and let us pick a 
classifying map t : W ^ BO{d) for the tangent bundle. Tangential structures on 
TW then correspond to lifts of t along some fibration, and tangential structures on 
© TW correspond to lifts of s o t along some fibration. 

We write 9 : B ^ BO{d) for the puUback of 9, so the commutative diagram in 
Definition 15.31 gives a map i : B B over BO{d). A ^-structure on ® TW is 
then nothing but a ^-structure on TW . 

The long exact sequence on homotopy for the various fibrations combine to give 

>TT,{B,B) ^T:,{BO{d),B) TT,{BO{d + I), B) ^,^i{B, B) ■ ■ ■ 

from which we deduce that (i?, B) is d-connected. Now, the situation described in 
the statement is a lifting problem 

A >B 

w' >i3, 

which has a solution as (PF, A) has cells of dimension at most d, and {B,B) is 
d-connected. □ 

Lemma 5.5. The tangential structure 9 : B ^ BO{d) is weakly once-stable if and 
only if it is spherical. 

Proof. Given any bundle map £ : TS'^\d — 6**7 we can of course extend the sta- 
bilised map to © TS"^ — ® 6**7, and if 9 is weakly once stable, the above lemma 
implies that the 9 structure extends to all of S'^. 

Conversely, given a spherical structure 9 : B ^ BO{d) we may pick 0-structures 
£i : TS"* — >■ 6**7, one for each path component of B, and form B by attaching an 
(rt + l)-cell to B along each map. The compositions S'^ ^ B ^ BO{d) BO{d+l) 
are nuU-homotopic, so we obtain an extension 9 : B ^ BO{d + 1). 

It follows that Hi{B, B) H,{BO{d+l), BO{d)) is surjective for i d + 1 and 
an isomorphism for i < d, even with local coefficients. By the Hurewicz theorem, 
TTi{B, B) — >■ 7ri{BO{d-\- 1), BO{d)) is surjective for i — d+1 and bijective for i < d, 
for all basepoints. It follows that ni{BO{d), B) — )• ■Ki{BO{d + l),B) is surjective 
for i = d + 1 and bijective for i < d. □ 

We now show that these conditions on 9 are also equivalent to reversibility. 

Proposition 5.6. The tangential structure 9 is reversible if and only if it is spher- 
ical. 

Proof. If 9 is reversible and a structure on D'^ is given, we think of 13'* as a morphism 
from the empty set to S"*~^. By assumption, a compatible structure exists on the 
disc, thought of as a morphism from S"^^^ to the empty set. 
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For the reverse direction we use Lemma 15.41 Suppose given a cobordism C : 
M N with ei-structure £ : TC ^ 9*^. LetC:N-^Mhc the cobordism whose 
underlying manifold is C, but regarded as a morphism in the other direction. Since 
TC\dc = s^®T{dC), we may reflect in the e^-direction to get a reversed ^^-structure 
near dC = 11 M, and our task is to extend the reversed structure to C. By the 
lemma, it suffices to extend the stabilised bundle map, but that is easy: Pick a non- 
zero section of the vector bundle £^ © TC which over dC is the inwards pointing 
normal to T{dC) C TC\dc, and reflect the stabilised bundle map in that field. □ 

One key property of reversible tangential structures is that they allow us to 
connect-sum 0-manifolds, which of course is not possible in general: the connect- 
sum of framed manifolds is not typically framable. In fact, more is true. We 
can perform arbitrary surgeries on a 6'-manifold and find a ^-structure on the new 
manifold. 

Proposition 5.7. Let {M,£m) be a d- dimensional 9-manifold, and suppose that 

e : S"-^ X D'^-^+i ^ M 

is a piece of surgery data such that the map S"^^ — > B induced by e o ij^f is null- 
homotopic. Then if is reversible, the surgered manifold 

M={M~ int(S'"^i X D'^~"+^ j) Us^-iy.s"-" x 5"^"") 

admits a 0-structure which agrees with Im on (A/ — int(S'"^"'^ x D'^^'^^^)) . 

Proof. If we let V denote the trace of the surgery, then the 6'-structure on M and 
a choice of nuU-homotopy of e o induces a bundle map TV — > ® 9*^, and 
by restriction a bundle map ® TM — >■ ® 0*7, which we can assume agrees 
with the stabihsation of Im on (M - int(S'"-i x C M. But when 9 is 

weakly once-stable. Lemma l5. 41 savs that this bundle map can be replaced with one 
induced from a ^-structure. □ 

For tangential structures that are once-stable (not just weakly), we can say that 
for a d-manifold W with a fixed 6'-structure ■ TW\gw 9*j, the stabilisation 
map 

Bun^(Tiy,r7;4) — ^ Bmi^ie^ ®TW, 9* r,£^ ® ^o) 
is a weak homotopy equivalence. (Weakly once-stable only implies that this map 
is 0-connected.) We shall not make explicit use of the stronger condition in this 
paper, but point out that most of the naturally occuring tangential structures are 
once-stable. In particular, the following construction will be our main source of 
once-stable tangential structures. Let be a connected d-dimensional manifold 
with basepoint, and r : — >■ BO{d) be its Gauss map, which we may assume to 
be pointed. For each k there are Moore-Postnikov factorisations of r 

W ^ Bw(k) ^ BO{d) 

where 'iT*{jk) is an isomorphism for * < k and an epimorphism for * = fc, and 
T^tiPk) is an isomorphism for * > fc and a monomorphism for * = fc. These connec- 
tivity properties characterise Bw{k), by obstruction theory. Then 9w{k) — Pk is a 
tangential structure. 

Lemma 5.8. The tangential structure 9w{k) '■ Bw{k) — > BO{d) is once-stable for 
any k < d. 



Proof. We let Bw{k) denote the same Moore-Postnikov construction applied to 
the composition W — > BO{d) — > BO{d -\- 1). The claim then follows as BO{d) — > 
BO{d + 1) is d-connected. □ 
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Remark 5.9. There do exist tangential structures which are reversible but not once- 
stable, which justifies our emphasis on reversibility. An interesting example is 
BU{3) — >■ B0{6), which is reversible as admits an almost complex structure, 
but is not once-stable: if it were pulled back from a fibration / : S — > B0{7), one 
can easily use the Serre spectral sequence to check that the kernel of the map /* 
on F2-cohomology would be the ideal / = {wi, 103,105) C -ff* (50(7); F2), but this 
is not closed under the action of the Steenrod algebra as Sq'*(u)5) = W4 ■ + W3 ■ 
We + W2 ■ wj ^ I. 

5.2. The standard family. We will prove Theorem 15.21 bv performing {n — 1)- 
surgery on objects until we reach an object in A, just as in Section |4] we performed 
Z-surgery on objects to make them /-connected (relative to L). As in that section, 
the surgery shall be performed by gluing in a suitable family of manifolds along 
certain families of embeddings, whose existence we shall prove in Section [S] The 
standard family to be glued in is very similar to that in Sectional where we started 
with a certain submanifold K C M.'^^'' x R'+^. In this section, / = ?i — 1, so we have 
a submanifold K C M"+^ x D" defined as follows. We first chose a smooth function 
p : M — > K. which is the identity on {—00,^), has nowhere negative derivative, and 
has p{t) = 1 for alH > 1, and we let 

K = {{x,y) e R"+i X R" I ^ p{\x\^ - 1)}. 

The first coordinate restricts to a Morse function h — xi K M. with exactly two 
critical points: (— 1, 0, . . . , 0; 0) and (-1-1, 0, . . . , 0; 0) both of index n. 

In Section 31 we constructed from K a one-parameter family of manifolds Vt C 
(—6, —2) X R'^^'^^ X R'+^ , obtained from K by moving the lowest critical point down 
as t e [0, 1] increases, as in Figure H) In this section we shall need a two-parameter 
family Vt.w C R x (-6, -2) x R" x R" which is constructed from {0} x if by 
moving both critical points down a.s t £ [0, 1] increases, as in Figure [5] As w G [0, 1] 
decreases, we shrink the width of the handle so that the distance between the two 
critical values is 2w. In order for the manifold to stay embedded in the limit w = 0, 
we need an extra ambient dimension. 

Let us first construct a 1-parameter family of submanifolds C M x R"+-'^ x D" 
such that Ki — {0} x K. Let /i : R [0, 1] be a smooth function which is 
zero on (2, 00) and identically 1 on (—00, \/2), and define a 1-parameter family of 
embeddings 

ip^ : R"+i X D" — > R X R"+i x D" 

{x,y) I — > (.Ti(l -w)/i(|a;|),xi(l- (l-'i«)//(|a:|)),a;2,...,a;„+i,y). 

We now let 

Kyj = (/f) C R X M"+i X D" 

for u) e [0, 1]. A calculation shows that (for w > 0) the critical points of the 
height function h : K^^, — >■ R, which is now projection to the second coordinate, are 
(pu,(±l, 0, . . . , 0) and so lie at heights ±w. They remain Morse of index n. 

We now define a 2-parameter family of c?-dimensional submanifolds Vt.w inside 
R X (—6, —2) X R" X I?" in much the same way as Vt was constructed from K in 
Section l4.ll Apart from the extra width parameter, the main difference is that in 
this section we will use a larger part of K, including both critical points. Pick a 
smooth one-parameter family of embeddings : (—6,-2) — > (—6,2), such that 
Ao = id, that As|(_6__5) — Id for all s, and that Ai(— 4) — —1 and Ai(— 3) = 1. 
Then we get embeddings Mr x A* x IdR2„ : R x (-6, -2) x R^" ^ M x (-6, 2) x R^" 
and define 

Vt ,^ (IdR X At X IdR2„)-i(if^) e *d(R X (-6,-2) X R" X R"). 
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It is easy to verify that Vt^w agrees with {0} x (—6, —2) x R" x 5" ^ outside 
(-2, 2) x (-5, -2) X B^'(O) X D", independently of t and w. 

We shaU also need a tangentially structured version of this construction, given 
a structure £ : TK\(_q^2) For this purpose, let a; = /x : R — J' [0, 1] be the 

function defined above and define a 1-parameter family of embeddings by 

V;* : M X (-6, -2) X M" x E" — > K x (-6, 2) x K" x E" 

(s;a:i, . . . ,x„+i;y) i — > (s; At„(|^|)(xi), X2, . . . , a:„+i; y), 

It is easy to see that we also have ^^^{Kyj) = (Mr x At x lA^2r^)~^[Kw) = Vt.w, and 
we define a ^-structure on Vt.w by pullback along tpf This gives a two-parameter 
family 

VuwW e «'e(E X (-6, -2) X E" X E"). 

Let P : [0, 1] [0, 1]^ be the piecewise linear path with P(0) = (0, 0), P(i) = (1, 0) 
and P(l) = (1, 1), and define a one-parameter family 

Vtii) = Vp(t){i) e X (-6, -2) x E" x M"). 

We will omit t from the notation when it is unimportant. We record some important 
properties of this family in Proposition 15 . 1 ll below, using the following definition. 

Definition 5.10. Let (. : TK — > 0*^ be a 0-structure on K. Recall that outside 
of M X BJ(0) x D" the manifold K agrees with E x E" x 5""^ We say that £ is 
extendible if the ^-structure ^|kx(R"-B"(o))xS"-i extends to a ^-structure on the 
whole of E X E" X S""-!. 

Proposition 5.11. Suppose i is extendible. The elements Vti^) G ^'e(Ex (— 6, — 2) x 
E" x E") are O-submanifolds ofRx (-6, -2) x E" x D" satisfying 

(i) Voii) = i^i|(_6 -2) = {0} X (-6, -2) X E" X S""-! as O-manifolds. 
(ii) For all t, Vtit) agrees with -ft'i|(-6.-2) a 9-manifold, outside of (—2,2) x 

(-5,-2) X BJ(0) X £)" 
(Hi) For all t and each pair of regular values —6 < a < b < —2 of the height 
function h : Vt ^ R, the pair 

{Vt\[aM^Vt\b) 

is (n — l)-connected. 

(iv) Let a be a regular value of h : Vt{i) — >■ (—6,-2). If a is outside o/ (— 4, — 3) 
then the manifold Vt{£)\a is isomorphic to 7^0(^)10 = {a} x {0} x M" x S*"^^ 
as a 9-manifold. If a is inside of (—4, —3) then the manifold Vt{i)\a is either 
isomorphic to 7^0(^)10 o-s a 9-manifold, or is obtained from it by {n~l)-surgery 
along the standard embedding. 

(v) The critical values of h : 'Pi{l) — > (—6,-2) are —4 and —3. For a G (—4,-3), 
'Pi{t}\a is obtained by {n — 1) -surgery from 7^0(^)10 = {0} x M" x 5"^-^ along 
the standard embedding. 

In i fSI) and the 9-structure on the surgered manifold is determined (up to ho- 
motopy) by the 9-structure I on ii'|(_6.2)- 

The precise meaning of the word isomorphic in (pv| above is the following: By 
(pT|) we know that the manifolds are equal outside (—2,2) x (—5,-2) x B2{0) x 
Being isomorphic means that the identity extends to a diffeomorphism which 
preserves 0-structures up to a homotopy of bundle maps which is constant outside 
(-2,2) X (-5,-2) X BJ^{0) X D". 

Proof. Q and ((n]) follow easily from the properties of At and ipt , and the fact that 
K agrees with E"+i x S'"-^ outside ^^"^^(O) x R". For dm]), the Morse function 
Pt,w (^6, —2) has at most two critical point, both of index n. If a critical value is 
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in (a, 6), then the pair is (n— l)-connected, otherwise it is oo-connected as 'Pt,w\[a,b] 
deformation retracts to Vt,w\b- 

To see and (jvj), first suppose that t e [0, i]. Then P{t) = (?, 0) so Vtit) = 
VTfi(tj. The function — )■ M has exactly one critical value, 0, so iiTola is diffeo- 
morphic to {a} x R" x S*"^^ for all regular values a, and extendibility implies that 
they are also isomorphic as 6'-manifolds. If instead t € 1] then P{t) = (1, ?), and 
so Vtit) = Vi9{£). The fact that the function K^^ — >■ M has exactly two critical 
points with value ztw implies that if„,|a is diffeomorphic to {a} x R" x 5"^^ for 
regular values a S M — (—1, 1) C M — {—w, w) and extendibility implies that they 
are also isomorphic as 6'-manifolds. When w = 1, for regular values a G (—1,1) 
we have that Ki\a is obtained from {a} x R" x 5"^^ by {n — l)-surgery along the 
standard embedding. □ 

5.3. Surgery data. We can now describe the semi-simplicial space of surgery data 
in the middle dimension. It is similar to the space of surgery data below the middle 
dimension, but taking into account the slightly different range of definition of the 
standard family in this case. 

Before doing so, we choose once and for all, smoothly in the data (a^, e^, ap, e^) 
increasing diffeomorphisms 

(5.1) ip = ipiai,£i, Up, Ep) : (-6, -2) = (a^ - e^, + Sp) 

sending [—4, —3] linearly onto [a.; — \ei^ai + \ei\. 

Definition 5.12. Let x = {a,£,{W,iw)) € L»g^^'""^(R^)p, and write M, = 
W\ai- Define the set Yq{x) to consist of tuples (A,(5, e,^), where A and 5 are as in 
Definition lOl 

e : A X M X (-6, -2) x M" x Z?" R x (0, 1) x (-1, 1)^"^ 

is an embedding, and I in a. bundle map r(A x K) 9*j. (In Definition 14.31 it 
was only defined on r(A x _R'|(_g q^.) Define A^ ei,j and £ij in the same way as 
in Definition 14.31 This data is required to satisfy the following conditions. 

(i) e-^{W) = A X {0} X (-6,-2) x M" x (9D". We let 

(9e : A X {0} X (-6, -2) x M" x ^ W 

denote the embedding restricted to the boundary. 

(ii) For t e Ui{ai-e.i,ai + ei), we have (a;i oejj)^^(t) = A^j x R x {i} x R" x D". 

(iii) The composition £w o D{de) : T{A x K\i^_q _2)) 0*^ agrees with the re- 
striction of I. 

(iv) For each A G A, the restriction of I to T{{X] x K) is extendible. 

For each j, the data {eij,£ij) is enough to perform 6'-surgery on (as if |(_6,o) 
is the trace of an (n — l)-surgery), and we further insist that 

(v) The resulting 0-manifold Mi lies in A. 
For each x, Yt{x) is a semi-simplicial set. 

Define a bi-semi-simplicial space Dg^^''^{R^),^, (augmented in the second semi- 
simplicial direction) from this, as in Definition 14.41 The main result about this 
bi-semi-simplicial space of manifolds equipped with surgery data is the following, 
whose proof we defer until Section [HI 

Theorem 5.13. Under the assumptions of Theorem \5.'A the maps 

\D-:^'^^{R^U\ |i?^-i^-^(R^).,.| ^ |i?^-i^"-2(R^).| 

are weak homotopy equivalences, where the first map is the inclusion of 0-simplices 
and the second is the augmentation, in the second simplicial direction. 
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5.4. Proof of Theorem 15.21 The proof of this theorem will be almost identical 
with that of Theorem 14.11 Thus, suppose that the conditions in the statement of 
Theorem 15.21 are satisfied, and let {a,e, {W,iw),e,£) G Dg~j^^'^(R^)pfi. For each 
i = 0, . . . ,p, we have an embedding = e^^o and a bundle map £i = and 
precisely as in Section 14.41 we may construct a one-parameter family of elements 
l^li,e,0^^^w) e *e((ao - ^o, Op + £p) x M^) for t e [0, 1]. From this, for each tuple 
t = (to, . . . ,tp) £ [0, 1]^*"*"^ we may form the element 

IClAWJw) = Kit, ° ■ • • ° '*CeoA(^'^w') e *e((flo - £0, flp + ep) X M^). 

To apply the same proof as that of Theorem l4.1l we need an analogue of Lemma HTBl 
to tell us how the manifold improves when we apply the various surgery operations. 

Lemma 5.14. Firstly, the tuple {a, ^e,JCl g{W,£w)) is an element of X^^^^'^^'^ . 
Secondly, if ti is 1 — so the surgery for the regular value Oi is fully done — then for 
each regular value b G {ai — ^£i,ai + ^e^) of xi : lC\i{W,lw) the 0-manifold 

)Clj{W, £w)\b lies in A. 

Proof. For the first part we must verify the conditions of Definition l2.18l This part 
of the argument of Lemma 14.61 applies equally well when K = n— 1, I = n — I. 

For the second part, we suppose ti = 1. Let b £ [oi — ^Si, ai + \£i) be a regular 
value of the height function on /C' ^{W, £w) and define 0-manifolds 

M - {lCl,iW,£w))\b 
M = W\b. 

By Definition 15.121 (jvj), performing surgery on AI using the data {ei,£i) gives a 6- 
manifold in A. By Proposition l5.11l ffyj). /C*' ^,{W,£w) has this surgery done, so M 
lies in A. Now M is obtained from M by applying the remaining operations /C*^, g 

for j ^ i, but by Proposition 15.11] (pv|) . applying each of these only changes M up 
to isomorphism (because b £ {ai — ^Si, Oi + ■^£i), so it is not in {oj — ^ej,aj + ^£j)), 
so M lies in A. □ 

As in Section ITU we define a map 

: [0, If +1 X i?^-i'-^(M^)p,o 

{t,ia,e,iW,£w),e,£)) ^ ia,^£,ICiAW,£w)), 

which has the desired range by the first part of Lemma 15.141 The argument of 
Section H31 gives maps 

Fp : [0, 1] X D'^-^^^-^{R^)p^o x A" — ^ X;-!'"-^ ^ ^p 

which glue to a homotopy .Y : [0,1] x \Dg~^'^ {R^),^o\ ^ which is 

constant on the subspace |_Dg^^"^(M^),| ^ \Dg~^"^(R^)tfi\ of manifolds equipped 
with no surgery data. It also provides a factorisation of the map ^(1, — ) through 
the continuous injection \Xl^ ^'"^j — > \X^ ^'"~^|. The argument in Section then 
gives the weak equivalence in Theorem 15.21 

6. CONTRACTIBILITY OF SPACES OF SURGERY DATA 

In order to finish the proofs of the results of the last three sections, we must 
supply proofs of Theorems l3.41 l4.5l and l5.13l concerning the bi-semi-simplicial spaces 
of manifolds equipped with surgery data. For convenience we assume that the 
domain B of the map 9 defining the tangential structure is path connected. In the 
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category Cg '\ this implies that objects are path connected as long as I > —1, and 
morphisms are path connected if in addition k > — 1. 

6.1. The first part of Theorems 1431 and [5^^ Theorems [13] and [51^ both 
assert that two maps are weak equivalences. In either theorem, the proof for the 
first map will use that the second map is a weak equivalence, but is otherwise 
simpler, so we first consider the maps 

Proof (assuming the second part). The proof in both cases is the same, so let us 
write D,^, for either Dg-[{R^),^, or Dg~^'-^{R^),^,. We define, for this proof 
only, a bi-semi-simplicial space D'^ , in the same way as -D,., except that the usual 
inequalities + < Oi+i — e^+i and > are replaced by ai < ai+i and Si > 
(so the intervals [ai — Si,ai + Si] are allowed to overlap). 

The inclusion Z?,., ^ D'^ , is easily seen to be a levelwise weak homotopy equiv- 
alence, by spreading the ai out and making the Si positive but small, so it is enough 
to work with D'^ , throughout and show that \D'^ ol ~^ 1-^1 •! ^ weak homotopy 
equivalence. 

To do so, we describe a retraction r : \D'^ ^\ — > \D'^ q\ which will be a weak 
homotopy inverse to the inclusion. The map r does not change the underlying 
manifold W G tpe{N + 1, 1), but only modifies the and barycentric coordinates. 
There is a map 

n' . n' 

^p,q ^ ^(p+l)(g+l)-l,0 

given by considering {p + 1) regular values, each equipped with (q + 1) pieces of 
surgery data, as {p + !)((? + 1) not-necessarily distinct regular values, each with 
a single piece of surgery data. There is also a map x A' — > /\(p+i)(9+i)-i 
]r(p+i)(9+i) with (j + {q + l)i)th coordinate given by {t,s) Sitj. Taking the 
product of these maps gives 

r ■ n' X AP X A? ^ n', . X a(p+i)('?+i)^^ 

which glue together to give the map r : \D'^ J\ \D'^f^\. It is clear that r is 
a retraction (i.e. left inverse to the inclusion), so the induced map on homotopy 
groups is surjective. To see that it is injective, we use the map 11?^ ,| \D', \ induced 
by the augmentation in the second bi-semi-simplicial direction (by forgetting all 
surgery data) . This is a weak equivalence by the second part of Theorem 14.51 or 
[5T13] respectively, but it clearly factors as 

^ i^:,oi \d:i 

where the second map is again induced by the augmentation in the second bi-semi- 
simplicial direction. Therefore r is also injective on homotopy groups, and hence a 
weak homotopy equivalence. □ 

6.2. A simplicial technique. In order to give the proofs of Theorems [331 [43] and 

15.131 we need a technique for showing that for certain augmented semi-simplicial 
spaces X, — the map \X,\ — X_i is a weak homotopy equivalence. The 
semi-simplicial spaces occurring in those theorems are all of the following special 
type. 

Definition 6.1. Let X, — > X^i be an augmented semi-simplicial space. We say it 
is an augmented topological flag complex if 

(i) The map Xn ^ Xq x x_i Xq x ■ ■ ■ Xx^i Xq to the {n + l)-fold product — 
which takes an n-simplex to its (n -I- 1) vertices — is a homeomorphism onto 
its image, which is an open subset. 
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(ii) A tuple (wo, . . . , G Xq Xx_i Xq Xx_i • • • xx_i Xq lies in X„ if and only if 
(vi, Vj) e Xi for all i < j. 
If elements v, w G Xq lie in the same fibre over X^i and {v,w) G Xi,we say w is 
orthogonal to w. (We do not require the relation to be symmetric, although in our 
applications it will be.) If X^i = * we omit the adjective augmented. 

The semi-simplicial space Z,{a,e,{W,£w)) ^ * from Definition 13.21 and the 
semi-simplicial spaces Y,{a,e,{W,£w)) ^ * from Definitions 14.31 and 15.121 are 
topological flag complexes. Furthermore, ^(M^)p,, — > £'g^^(M^)p from Defini- 
tionESl D0'[(M^)p,, ^ Dg''^\R'^)p from Definition HH and ~^-^(M^)p,. ^ 

(I^^)p from Section 15.31 are all augmented topological fiag complexes. 
In all cases this is immediate from the definition: firstly, a p-simplex of these 
semi-simplicial spaces consists of {p + l)-tuples of surgery data, which are each 0- 
simplices; secondly, the pieces of surgery data are subject to the requirement that 
they are all disjoint, but disjointness is a property that can be verified pairwise. 

Theorem 6.2. Let X, — > X^i be an augmented topological flag complex. Suppose 
that 

(i) The map e : X{) — > X^i has local sections (in the strong sense that given any 
X e Xq, there is a neighbourhood U C X^i of e{x) and a section s : U ^ Xq 
with s{e{x)) — x). 
(ii) e '■ Xq X^i is surjective. 

(Hi) For any p S X-i and any (non-empty) finite set {vi, . . . ,Vn} C £^^{p) there 

exists a V G e~^{p) with {vi,v) G Xi for all i. 
Then |X, | — > X^i is a weak homotopy equivalence. 

Condition ^ can be viewed as the special case n = of condition (pli| . but we 
prefer to keep the cases n = and n > separate. 

Remark 6.3. To motivate the proof of this theorem, let us first consider the case 
where X^i ~ * and that each Xi is discrete, so \X,\ has the structure of a A- 
complex. Then any map f : S"^ \Xm\ may be homotoped to be simplicial, for 
some triangulation of S"", and so hits finitely many vertices vi, . . . ,Vk. By (pli|) 
there exists a. v G such that is a 1-simplex for all i. But then the map / 

extends to the join 

/*M:5"*{4^|X.| 

and so / is nuU-homotopic. 

The proof we give below follows this in spirit, although is necessarily more com- 
plicated when the Xi carry a topology. To deal with the topology, we require the 
following technical result. 

Proposition 6.4. Let Y, be a semi-simplicial set, and X be a Hausdorff space. Let 
Z, (zY,xX be a sub- semi- simplicial set which in each degree is an open subset. For 
X G X , let Z,{x) C y, be the sub- semi- simplicial set defined by Z, n (Y, x {x}) = 
Zt{x) X {x} and suppose that \Z,(x)\ is contractible for all x G X . Then the map 
TT : \Z,\ ^ X is a Serre fibration with contractible fibres. 

Proof. This follows from iGRW12bl Proposition 2.7] and |Wei051 Lemma 2.2]. □ 
Corollary 6.5. Let Q be a set and X a Hausdorff space and let 

P dNxflx X 

be a subset which is open (when N and fl is given the discrete topology) and such 
that the projection P — >■ N x X is surjective. We give N x x X the partial order 
defined by 

(n, a, x) < (to, /3,y) iff n < m and x = y 
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and give the subspace P the induced order. Then the natural map tt : |Af»P| — > X 
is a Serre fibration with contractible fibres. 

Proof. We apply Proposition O with Y, = N,{N x n) and Z, = N,P. For x £ X, 
the semi-simphcial subset Z,{x) C iV,(N x 17) is contractible by the argument in 
Remark 16.31 □ 

Proof of Theorem \6.2l We begin with an element of the relative homotopy group 
of the pair of spaces (X-i, \X,\), 

dD''^^\X,\ 



— -^X^i 

and we will show that after changing / by a fibrewise homotopy there is a diagonal 
map — >■ \X,\ making the diagram commutative, so the homotopy class is trivial. 

We first explain how to construct a continuous map — > l-''^*!; making the lower 
triangle commute, ignoring the upper triangle for a moment. To do this we first 
pick an infinite set VL (topologised discretely) and note that it suffices to find open 
sets Pri C X together with maps g„ : P„ — > Xq with the properties that the 
projection 7r„ : P„ D*' is surjective, that eo — / o 7r„, and that for all x G D*' 
and n < m, any p € tt~^{x) and q € it^{x) have ignip)i 9mi<l)) G Xi. Namely, 
given such (P„, gn) we can let P = U{n} x P„ C N x il x D'^ and assemble the gn 
to a simplicial map g : N,P — > X,. By Corollary [531 the map tt : |iV,P| — > D'^ is a 
Serre fibration with contractible fibres, so we may pick a section s : — > 
Then the composition I5I o s : — ;> \X,\ gives a diagonal map in the diagram, 
making the lower triangle commute. 

The (P„, gn) will be constructed by an inductive procedure, for which it is useful 
to construct a slightly stricter structure. If we write P„ C x for the closure, 
we will demand an extension 5„ : P„ — )■ Xq satisfying 

(i) the projection 7f„ : P„ — > is proper, and the restriction 7r„ : P„ is 
surjective, 

(ii) £°5„ = / o7r„, 

(iii) for all x e and n < m, any p G Tf~^{x) and q £ Tf~^{x) have (3„(p),5to('z)) G 
Xi. 

The properness of 7r„ is equivalent to the compactness of P„, which in turn is 
equivalent to the image of P„ in il being finite. For the construction, we first pick 
for each x G an element gx{x) G e~^(/(a;)) which is orthogonal to each element 
of the finite set Ui<„gj(7f~^(a;)), as is possible by assumption. Then, since e has 
local sections, we can extend to a map gx '-Vx X^) which is a lift of — > 
defined on a neighbourhood of a;. The maps 

g, X gx -.PiXijkVx — > Xo Xx_i ^0 

for i < n all send Pi Xj^k {x} into the open subset Xi, so by properness of tt^ we 
can ensure that all these maps have image in Xi , after perhaps shrinking the open 
set Vx. If we let Ux C Vx he a smaller neighbourhood of x with Ux C Vx, then gx 
restricts to a continuous map Ux — > -'^'o- The sets Ux give an open cover of Z?'^, and 
we let Ux-i, Ux^ be a finite subcover. Finally, we pick distinct wi, . . . , ujm G 
disjoint from the image of Ui<„Pi — > Q and let 

m 

Pn = |J{^*} xUx.CnxD'' 
i=l 
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and define the map : P„ Xo by g„(i:Ji, y) = gx,{v)- The sequence of (-P„,5„) 
thus constructed wih satisfy the properties (0), ([n]) and dml) above, and hence gives 
alift ^ 

The construction of tlic lift so far has not used the given / in any 

way, so we should not expect the upper triangle to commute. We shall add an 
extra step preceding the above inductive construction of (P„,g„), in order to fix 
this. Namely, we shall construct a compact subset P_i C x dD^ and a continuous 
g_i : P_i — > Xq such that after changing / by a fibrewise homotopy, all vertices 
of f{x) are contained in g_i{TfZ\{x)), where 7f_i : P_i — > dD^ again denotes 
the projection. In the inductive construction of (P„,g„), we can then ensure that 
condition (pH)) above is satisfied also for n = —1 when x S dD^ . Then all vertices of 
f{x) will be orthogonal to all vertices of \g\ o s{x), so these two points are connected 
by the straight line inside the join of the simplices that contain them. These straight 
lines then assemble to a fibrewise homotopy between / and \g\ o slg^k. 

To construct P_i and 'g_i we shall, for the rest of this proof, replace the usual 
coordinates {to, . . . ,tp) G A*"' (which are non-negative numbers with ~ 1) by 
the coordinates Si — U/ max(ti) (which are non- negative numbers with max(si) = 
1). Points in are then written as {y, sq, ■ ■ ■ , Sq) where y S Xq, Si > and 
max Si = 1. For t G (0,1) we shall write Ut C \X,\ for the subset where no Si 
is equal to t. There is a function Ut — ^ ^pXp x A'' which to {y, sq, . . . , Sq) £ 
\X,\ associates (6'*(y), S0(o), • . ■ , se(p)), where 9 : [p] [q] is the order-preserving 
monomorphism defined as the composition of the unique order-preserving bijection 
[p] = {i e [q]\si > t} and the inclusion to [q], and 9* : Xq — Xp is the corresponding 
face map. It is easy to verify that Ut C |X, | is open (in the usual quotient topology 
from UpXp X A^ — > l-'^*!) and that the function Ut — Up^p x A^ is continuous 
(when Ut C \X,\ is given the subspace topology). Furthermore it is clear that any 
infinite collection of numbers t e (0, 1) will give a cover of \X, \ by the corresponding 
Ws. 

Proceeding with the construction of P_i and g_i, we may cover dD'' by the open 
sets f~^{Ut) with t e (0, ^), and hence by compactness we can find a finite cover of 
do'' by open sets Ui C dD'' such that each closure Ui is contained in some f^^{Ut), 
and hence we get a continuous map Ui — JIXp. Writing Ui^p for the subspace 
mapping into Xp C -'^^o^^, we get a continuous adjoint g^^ p : [p] x Ui^p — > Xq such 
that g.j p{[p] X {x}) C Xq consists of the vertices of f{x) with simplicial coordinate 
greater than U. In particular, this set contains all vertices of f{x) with simplicial 
coordinate > i. We can then pick an injection Ui.p[p] — > 51 and let P_i be the 
image of the resulting embedding 

Y[[p] X I7,,p dD'', 

and assemble the p to a map g_i : P_i — > Xq. After changing / by composing 
with the self-map of which replaces all simplicial coordinates Si by max(0, 2si — 
1) (which is obviously continuous and fibrewise homotopic to the identity), the finite 
set 'g_i{nZ\ix)) C Xq contains all vertices of f{x), as required. 

After replacing the simplicial coordinates of / as described, the restriction to 
Ui^p C dD'^ factors through Xp x A^ \^»\- This implies that the linear homotopy 
from / to l^l o s|a^fc is continuous on each Ui^p. □ 

6.3. Proof of Theorem 13.41 Recall that this theorem states that the augmenta- 
tion 
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induces a weak homotopy equivalence after geometric realisation, as long as the 
conditions of Theorem 13.11 are satisfied. In fact, we only require the following 
weaker set of conditions: 

(i) 2k < rf - 1, 

(ii) K + l + d<N, 

(iii) L admits a handle decomposition only using handles of index < d — k — 1. 
We will use Theorem l6.2l to prove that for each p the augmentation map induces 

a weak equivalence 

TheoremlOdoes not apply directly to the augmentation D^_^(R^)p^, Dg~^^(R^) 
but we will show that it does apply after replacing with weakly equivalent spaces. 

Recall that an element of ^(M^)p^g consists of an element (a,e, {W,£w)) G 
Dg^j}{R^)p, together with an element (A,(5, e) e Zq{a,e, {W,lw)), where A C is 
a finite set equipped with a map ^ : A — >• [p]^ x [q] = {0, . . . ,p + 1} x {0, . . . , g} and 
e is an embedding e : A x F ^ R x (0, 1) x (-1, 

Definition 6.6. The core oi V is the submanifold C = [-2, 0] x x {0} C F = 
[—2,0] X K'' X M''^'^. Let Z,{a,£, {W,iw)) be the semi-simplicial space defined as 
in Definition 13.21 except that instead of demanding that eiAxT/— >-IRx(0,l)x 
(—1, 1)^^^ be an embedding, we demand only it be a smooth map which restricts 
to an embedding of a neighbourhood of A x C. We still require that e satisfy the 
numbered conditions listed in Definition O Let i5^_^(M^),,, /^^^^^(R^). be 

the augmented bi-semi-simplicial space defined as in Definition 13. 3[ but using Z,{x) 
instead of Z,{x). 

Proposition 6.7. The inclusion Z3g ^(M^),., ^ ^(R^),., induces a weak ho- 
motopy equivalence in each hidegree, and so on geometric realisation. 

Proof. It is easy to see that there is an isotopy of embeddings jt ■ V ^ V, t G 
[1,00), such that ji — Id, jt\c — Id for all t and jt{V) is contained in the {l/t)- 
neighbourhood of C for large i, and also such that every jt preserves the submanifold 
int(9__D''+^) X R''^" and preserves the height function h : V ^ [~2,0]. 

Precomposing the embedding e : A x — s- R x (0, 1) x (—1,1)^^^ with the 
maps Wa X jt induces a deformation [1, 00) x Zq{a, e, {W, £w j) Zq{a, e, {W, iw)) 
and in turn [l,oo) x I)«^(R^)p,q ^ i5«^(R^)p,,. Elements of Zq{a,e, {W,iw)) 
have disjoint cores, so in a compact family K — > Dg j^{M.^)p,q, there exists an 
£ > such that the e-neighbourhoods of all cores are also disjoint. Composing 
with the deformation of Z?^ ^(R^)p_q, the map from K will eventually deform into 
Dg j^{]S.^)p^q. It follows easily from this that the relative homotopy groups vanish. 

□ 

In order to prove Theorem 13. 4[ we will show that for each p the map 

is a weak homotopy equivalence after geometric realisation, by applying Theorem 
16.21 Hence we must verify the conditions of that theorem. First we establish 
condition (P. 

Proposition 6.8. The map 

i:)«^(R^)p,o D'i^A{m'^)p has local sections. 

Proof. Let's consider a point x G ZJg ^(R^)p.o, given by elements {a,e, {W,£w)) € 
DgA{R^)p and {A,S,e) e Zo{a,e, {W,iw))- Choose to < ao ^ and ti > Up + Sp 
which are regular values for xi : — > R, and such that {xi o e)(A x V) C {to,ti). 
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There is a (connected) open neighbourhood U C Dg j^{R^)p of (a,e, {W,£w)) on 
which the ti remain regular values. 

The inclusion U ^ D'^2\^'^)p ^as graph T C [/ x M^. All fibres of the 
projection tt : r|[tQ_t^] — )• U are diffeomorphic to the same manifold M ~ W^|[to,ti]- 
Sending a point in U to its fibre defines a function 

F:U — > Emba(M, [to,ti] x (-1, l)^)/Diff(M) 

u I — > n^^{u) 

where Emb^ denotes embeddings which send the boundary to the boundary, and 
the definition of the topology on ^'^(K. x E^) makes this continuous (manifolds 
near to a point W G i^eiN + 1, 1) C 'I'e(R x R^) look like a section of the normal 
bundle of W inside a compact set, e.g. inside [to, ti] x [—1, 1]^). 

We now require two results on spaces of embeddings. Firstly, the map 

Emba(M, [to,h] X (-1, 1)^) ^ Emba(Af, [to,h] x (-1, 1)^)/Diff (Af) 

is well-known to be a principal Diff (M)-bundle, and has local sections (see e.g. 
[BFSlj l. Thus, after perhaps passing to a smaller open neighbourhood, which we 
will still call U, F has a lift F : J7 Emba(Af, [to,ii] x (-1, 1)^), and we call 

f = Fia,e,{WJw)). 

Secondly, we need the following generalisation of a technical theorem of Cerf 
[Cer61[ 2.2.1 Theoreme 5] (the "first isotopy and extension theorem"), an especially 
elementary proof of which was given by Lima |Lim63| . We follow Lima's proof. 

Lemma 6.9. Let C C [ioi^i] be a closed subset and let S C Embg(A/, [fo, ii] x 
(— 1, 1)^) be the open subset of those embeddings e for which tti o e : Af — !■ [to-^i] 
has no critical values inside C . 

Given an f ^ S , there is a neighbourhood U of f in S and a continuous map 
(/?:[/—> Diff ([to, ^i] X (—1, 1)^) such that (p{g) o / and g have the same image, and 
(p{g) is height-preserving over C . 

Proof. Consider Af to be a submanifold of [to,ti] x (—1, 1)^ via /. We choose a 
tubular neighbourhood tt : T — )• A/ of radius e which over the boundary and a;j~^(C) 
has fibres contained in level sets of xi (this is possible as C is closed and consists 
of regular values). If g € 5* is sufficiently close to /, it will have image in T and we 
may define an element ip{g) G C°°{M,M) by 

^{g){x) = 7r(5(a;)). 

This is a diffeomorphism for g — f , and so there is a neighbourhood U' of / in 5* 
where this remains true. We get a function (p :U' ^ Diff(Af) and for each g G U' 
we define a new embedding G = G{g) : M — [to, ^i] x (—1, 1)^ by G = g°{<f'{g)~^)- 
It has the same image as g and has 7r(G(x)) = x. Therefore x and G{x) have the 
same height when x S (C). 

Let A be a bump function which is 1 on [0, e/4) and on [e/2, oo). Now let 

^ig)ix) ^x + \i\x - t:{x)\) ■ (G(7r(a;)) - tt{x)) 

define a compactly-supported smooth map (p{g) G C^{[to, ti] x (—1, 1)^). For g ~ f 
it is a diffeomorphism, and so there is a smaller neighbourhood ?7 of / in 5* where 
this remains true. We get a function : J7 — >■ Diffc([to,ti] x (—1, 1)^). 

By construction ip{g) o f{x) = (p{g){x) ^ x + {G{x) ~ x) — G{x), so ip{g) o / has 
the same image as g. Also, if a: S x^^{G) then the vector G{'k{x)) — it{x) has no 
component in the xi direction, so xi{ip{g)(x)) = xi{x) and ^{g) is height function 
preserving over G. □ 
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It now follows that tt also has this local structure: after posibly shrinking U, 
there is a map 

ip-.U ^BiSiito^h] X (-1,1)"^) 
with the properties described in the lemma, such that r|[j|j C U x [to,ti] x 
(— 1, 1)^ is obtained from W^|[t(),ti] by applying the family of diffeomorphisms (p. 
The element {A,S,e) G Zo(a, £, {W,£w)) has surgery data 

e: AxV '-^ [to,ti]x (0, 1) x (-1, 

so we attempt to define a section U — ?► L'^^(M^)p_o by sending u to the point 
(A, S, f{u) o e). We must verify that this is indeed an element of Zq{u) by checking 
the conditions of Definition 13.21 Conditions (p1)- (pv)) hold as (p is height preserving 
over each [at — e^, Oi + e^]. Condition (jvj) holds by construction, as ip{x) is a diffeo- 
morphism which carries W into 7r~^(x). Condition (|vi)) need not hold in general, 
but it does hold at the point (a,£, {W,£w)), and is an open condition. Thus, after 
possibly replacing U with a smaller open set, this does define a continuous section 
as required. □ 

Next, we establish condition (pli|) in Theorem 16. 21 

Proposition 6.10. Fix a point {a,e, {W,iw)) G ^e^L^i^^)?? '^"■'^ ^i? 
Vk € ZQ{a,e,(W,iw)) be a non-empty collection of pieces of surgery data (not 
necessarily forming a (k — l)-simplex). Then, if 2k < d and k + 1 + d < N, 
there exists a piece of surgery data v G Zo{a, e, (W, iw)) such that each {vi, v) is a 
1-simplex. 

Proof. Each Vj is given by a set A-' (which is a subset of the uncountable set ft), a 
function 5^ : A^ — > [p]^ and a map e-J' : A-J' X y -> R X (0, 1) x (-1, satisfying 
certain properties. We first pick a set A which is disjoint from all A-' and a bijection 
(fi : A ^ A^, let S — o ip : A [p]^, and then set 

e = e^ o{ipx Idy) : AxV — ^ M x (0, 1) x (-1, 

This gives a new element of Zo(a,e, {W,£w)), but it is of course not orthogonal to 
Vi (and not necessarily orthogonal to the other Vj). We then perturb e inside the 
class of functions satisfying the requirements of Definition 13.21 to a new function 
e : A X — > K X (0, 1) x (—1, whose core is in general position with respect 
to the cores of the Vj . More explicitly, e restricts to a map 

A X d-D^+^ X W^-'^ — > W, 

and we first perturb this so that A x d-D'^^^ x {0} is transverse in W to the 
corresponding part of the other embeddings, and remains disjoint from L, then we 
extend this perturbation to a map e : A x 1/ — >■ M x (0, 1) x (—1,1)^"^ whose 
restriction to the interior of C is transverse to the corresponding part of the other 
embeddings. In the first step we make K-dimensional manifolds transverse in a 
d-dimensional manifold, and in the second we make {k + l)-dimensional manifolds 
disjoint in an {N + l)-dimensional manifold. As 2k < d and 2(k +l)<K + (i + 2< 
+ 1, the new core will actually be disjoint from all other cores, producing the 
required element v e Zo(a,e, {W,£w))- D 

Finally, we establish condition (jn]) of Theorem 16.21 

Proposition 6.11. Zo(a, e, [W, tw)) is non-empty as long as 2k < d, K+l+d < N, 
and L admits a handle decomposition only using handles of index < d — k — 1. 
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Proof. For each i = 1, . . . ,p we consider the pair W^laJ- Since it 

is (k — l)-connected, it is homotopy equivalent to a finite relative CW complex 
(X, W^lo- ) with cells of dimension > n only. Since 2k < d, the homotopy equiv- 
alence (X, H^Iq.) — 7> (W^|[ai_i,ai]j W^UJ may be assumed to restrict to a smooth 
embedding of the relative K-cells. If we pick a subset A^^o C fl with one element 
for each relative K-cell (choosing disjoint sets for each i), we may therefore pick an 
embedding 

which we may assume collared on [ui — e^, + e^], such that the pair 
(W^l VFU, Ulm(e,,o)| 

is K-connected. Furthermore, M. x L C W has a core of dimension < d — k, by 
our assumption on the indices of handles of L, and so we may suppose that the 
embedding e^^o is disjoint from R x L. As 2k < d we may also suppose that the 
images of the e^^o sue mutually disjoint. 
The embedding 

extends to an embedding of A^^o x 9C x [0, 1], where A^ o x dD'^ x {1} is sent 
into W\ai^i+ei+i and is collared on the e-neighbourhoods of both boundaries. This 
may be seen as follows: to extend ei^oUi oxaD" to a continuous map having this 
property is possible as TrK.-iiW\[ai_i,ai]^ W^Ui) = 0, but this may then be perturbed 
to be an embedding as 2k < d. As above, this may be made disjoint from R x L, 
and they can be made mutually disjoint. 

We may glue the two embeddings together. Using a suitable diffeomorphism 
^ jyn y X [0, 1]), this gives a new embedding of A^^o x D'^. Continuing in 

this way, we obtain an extension of e^^o to an embedding 

which is disjoint from R x L, and which are mutually disjoint. Identifying D*^ with 
the disc 8-0*^+^ C [-1,0] x R^+i gives a height function D'^ -> [-1,0] and if we 
pick the diffeomorphisms Z?" « U (ydD'^ x [0, 1]) carefully, we can arrange that 
on each e~^{W\(at,-ek,ak+ek))^ the embedding e-ifl is height function preserving up 
to an affine transformation. 

We now want to extend the Ci^o from A^^o x [d-D'^^^ x {0}) C A^.q x y to the 
whole of Ai_o X y so that it satisfies the conditions of Definition [321 As k + 1 + d < 
TV, there is no trouble with extending the maps ei_o to disjoint maps e^^o from 
A,,o X F to M X (0, 1) X (-1, 1)^-1 satisfying conditions ©-(jll) of Definition O 
we first extend each ii^ to an embedding of [—2, 0] x K*^ x {0} (which is possible 
as 2{k -|-l)<d-|-K-|-l< TV), then make this intersect W only in d-^D^^^ (which 
is possible as k + 1 + d < N), and finally thicken it up by R''^''. Property (jvlj is 
ensured by the way we chose e^.o. 

Finally, we let A = YK^^ A,^o, 5 : A ^ [p]^ be given by S{Ai^o) = « e [p]^, and 
e — Uf^i Sifi. The data (A, 6, e) thus lies in Zo{a, e, {W, £w))- O 

6.4. Proof of Theorem l4.5l We have already proved the first part of this theorem 
in Section [6. II Recall that the second part states that the augmentation map 

Z?,-;i(R^).,.->i?,-;[-i(R^). 

induces a weak homotopy equivalence after geometric realisation, as long as the 
conditions of Theorem 14.11 are satisfied. In fact, we only require the following 
weaker set of conditions: 
(i) 2(Z + 1) < d, 
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(ii) I < K, 

(iii) l + 2 + d<N, 

(iv) L admits a handle decomposition only using handles of index < d — / — 1, 

(v) the map £l ■ L ^ B is {I + l)-connected. 

We will proceed much as in the previous section. Recall that each point of 
£»g'[(R^)p,o lying over {a,e,{W,£w)) & Dgf~\R^)p is a tuple {A,5,eJ) where 
A C is a subset, 6 : A [p] x [0] is a function, 

e : A X (-6, -2) x R'^-'-i x D^+^ R x (0, 1) x (-1, 1)^-^ 

is an embedding, and £ : T(A x iir|(_go)) 0*7 is a bundle map (where K is 
defined in Section . Let us define 

C = (-6, -2) X {0} X c (-6, -2) x R"^-^-^ x D'+^ 

and call it the core. Shrinking in the R''"'" ^-direction gives an isotopy from the 
identity map of (—6, —2) x M''"'~^ x into any neighbourhood of its core. 

Definition 6.12. Let Y,{a,e,{W,£w)) be the semi-simplicial space defined as in 
Definition 14.31 expect we only ask for e to be a smooth map which restricts to an 
embedding on a neighbourhood of Ax C C Ax (—6, —2) xR''^'^^ x Note that 

condition ((iv|) still makes sense: although the surgery data is no longer disjoint, it 
is still disjoint when restricted to a small enough neighbourhood of each core. 

Let Dg'[(R^).,. Dg^'^^^iM.^), be the augmented bi -semi-simplicial space de- 
fined as in Definition 14.41 but using Y,{a,e, {W,£w)) instead of Y,{a,e, {W,£w))- 

We have the following analogue of ProDOsition l6.7l although the proof is slightly 
more complicated in this case, due to the tangential structures on the surgery data. 

Proposition 6.13. The inclusion Dg'|^(R^),^, ^ Dg'j^(M^),_, induces a weak 
homotopy equivalence in each bidegree, and so on geometric realisation. 

Proof. This is very similar to Proposition 16.71 We pick an isotopy of maps '■ 
^d-i-i _^ K<i-'-i^ t e [0,oo) which starts at the identity, has VtCO) = for all 
t, and has image in the ball of radius 1/t for all t. Applying ipt in the R"*^'^^ 
direction gives an isotopy of self-embeddings of A x (—6,-2) x R'*^'^^ x 13'+^. 
Similarly, we can get an isotopy of self-embeddings of the manifold iir|(_6,o) from 
Section which applies ■0* in the R'^"'"^ direction on h~^{{—6, —2]), is the iden- 
tity on \/2, 0)), and interpolates inbetween. Precomposing with these iso- 
topies gives a homotopy of self-maps of Z)g'|^(R^),^,, which eventually deforms any 
compact space into _Dg'|^(R^),^,. □ 

Therefore it is enough to show that for each p, the augmentation map 

which forgets all surgery data induces a weak homotopy equivalence after geometric 
realisation, which we do by establishing the conditions of Theorem l6.2l The proofs 
that conditions (P and hold are very similar to the analogous case in Section l5751 
so we consider those first. 

Proposition 6.14. The map _Dg'{^(R^)p^o Dg'''j^^ {M.'^)p has local sections. 

Proof. Exactly as in the proof of Proposition 16.81 □ 

Proposition 6.15. Fix a point (a,£, {W,£w)) G Dg'''^^ {S.'^)p, and letvi, . . . , Vk € 
Yo{a,e, {W,£w)) be a non-empty collection of pieces of surgery data. Then, if2{l + 
1) < d and I + 2 + d < N , there exists a piece of surgery data v E Yo{a,s, {W,£w)) 
such that each {vi,v) is a 1-simplex. 
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Proof. This is essentially the same as Proposition 16.101 first we let v — vi, then 
we perturb it to have its cores transverse to the cores of all the vj. We first do 
the perturbation on the part of the cores inside W. On the boundary the cores 
are {I + l)-diniensional, so disjoint when they are transverse as 2(1 + 1) < d. We 
now make sure the cores intersect W only on their boundary, which is possible as 
l + 2 + d < N. We finally make sure that the cores are also disjoint on their interiors, 
which is possible as + 2) + + 2) < + 2) + d < TV. □ 

Finally, we establish condition (jn]). 

Proposition 6.16. Yo{a,e, {W,£w)) is non-empty as long as 2{l + 1) < d, I < k, 

I + 2 + d < N , L admits a handle decomposition only using handles of index < 
d — I — I, and the map £l '■ L ^ B is (I + l)-connected. 

Proof. For each i, we consider the map 7r*(M^|ai) ^ induced by the tan- 

gential structure. By assumption, this map is injective for * < I — 1. Since 
{tti} X L C W\ai, and L ^ B is assumed {I + l)-connected, we deduce that the 
map L — T' W\ai is [l — l)-connected, W\ai B is Z-connected, that 

(6.1) ni{W\a,) ^i{B) ^ ni{L) 

is split surjective, and that tti{L) — ?> 7r/(W^|aJ is split injective. We first claim 
that the kernel of (j6.ip is finitely generated as a module over tti{L) (interpreted 
appropriately when I — and / = 1; we shall leave the necessary modifications 
of the following argument in those two cases to the reader). Since the kernel is 
isomorphic to the cokernel of the splitting, we deduce the exact sequence 

(6.2) T^l{W\a^,L) —> m{W\a,) MB) 0. 

As (VF|ai , L) is {I — l)-connected, we can find a relative CW-complex {K, L), where 
K is built from L by attaching only cells of dimension > I, and a weak homotopy 
equivalence p : {K,L) — {W\ai,L). Since {W\ai,L) has the homotopy type of 
a CW pair, this map has a homotopy inverse q : (VF|o. ,L) — >• {K,L), and since 
W\ai is compact, its image in K is contained in a finite subcomplex K' C K. Then 
TTi{K') — > TTi{W\ai) is surjective. Since ni{W\ai) — ^ TTi{W\ai, L) is also surjective (as 
7r;_i(i) — ^ TTi-i{W\ai) is split injective), we conclude that Tri{K',L) — >• 7ri{W\ai,L) 
is surjective, and hence that Tri{W\ai,L) is a finitely generated module over 7ri(L), 
as claimed. 

Let {fa ■ 5*' W\ai}aeAi be a finite collection of elements which generate 
the kernel of 7r;(W^|aJ — >■ Tri{B), where A.; C are disjoint subsets. As the vector 
bundle (BTW\ai is pulled back from B, it becomes trivial when pulled back via fa 
so we can pick an isomorphism £^ (B faC^^lai) — £'^. Ksl + l < d this isomorphism 
can be destabihsed to an isomorphism fa{TW\a,) = e'^^^ = e'^^'^i © TS^ and by 
Smale-Hirsch theory fa is then homotopic to an immersion with trivial normal 
bundle. We can make this immersion self-transverse, and as 2Z < d — 1 it is then an 
embedding with trivial normal bundle. Thus each fa gives rise to an embedding 
fa ■ R'^"'^^ X 5' W\ai representing the same homotopy class. As 2/ < d — 1 we 
may also assume that the fa are disjoint, so we obtain an embedding 

f^L ■■ A, X {a,} X M'^-'-i XS'^ W\a,, 

and as L only has handles of index < d — Z — 1, we may suppose this embedding is 
disjoint from L. As I + 1 + d < N, this extends to an embedding 

e,|a, : A, X {aj x R^-'-^ x D'+^ ^ {a,} x (0, 1) x (-1, 1)^"! 
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which intersects W\ai precisely on the boundary. Furthermore, as each 5' 
W\ai — > i? is nuh-homotopic, the 0-structure £\ai ° Dfa extends to a 0-structure on 



_D'+^ and so gives /ija^ the data of a 0-surgery, cf. Section ITT 



We can extend the map ei\ai to an embedding x {ai — e^, + Si) x M''^'^-^ x 
1)1+1 ^ _ _|_ g^-j ^ j^-j ^ using just the cyhndrical structure 

of W over (a^ — Si^ai + £i), but we wish to extend it to an embedding of x (a^ — 
Ei, Op + Ep) X M''~'~^ X D^^^ , which is cyhndrical over each (oj — Ej, + Sj) and 
intersects precisely on the boundary. We will do this by extending it step-by-step 
over each interval [aj, aj+i]'- if it is defined up to aj we have an embedding 

e,\a^ : A, X {a,} x W'-'-^ x D'+^ ^ {a,} x (0, 1) x (-1, 

and as the pair (M^|[a ,a ^i]; W^la^+i) is K-connected, and I < k, on the boundary 
this extends to a continuous map 

/»lK,a,+i] : A, X [aj,a,+i] x R'^-^-^ x W^|[a„a,+i]- 

By the Smale-Hirsch argument above, we may perturb this to be a self-transverse 
immersion of the core, and hence an embedding of the core as 2{l + 1) < d, while 
keeping it as it was near aj. Shrinking in the M'^^'^^-direction, we can ensure that 
it is an embedding of the whole manifold, and then make the embedding cylindrical 
over the necessary e-neighbourhood of the ends and disjoint from [aj,aj+i] x L. 
Finally, as Z -f 2 + d < we may extend this to an embedding 

e«|[a,,a,+i] : A, X [a„a,+i] x R'^-'-i x D'+^ ^ K,a,+i] x (0,1) x (-1,1)^-^ 

which is cylindrical over each {uj — Ej , aj + Ej ) and intersects W precisely on the 
boundary. In total we obtain an embedding 

a ■■ Ai X (fli -Ei,ap + Ep) X M'*"'"^ X D'-+^ ^ (fli - £,;, Up + Ep) X (0, 1) X (-1, 1)^"^ 

which is cylindrical over each (aj — Ej , aj + Ej ) and intersects W precisely on the 
boundary. Furthermore, by doing the above in increasing order of i, we can ensure 
that the different have disjoint cores: while constructing make sure that its 
core stays disjoint from those of the Cj for all j < i, which is possible as 2{l + 1) < d 
and 2{l + 2) <N. 

We let A = Uf^o A,;, d : A [p] x [0] be given by d{Ai) = (i, 0), and e be given 
by U^^oGi, reparametrised using the ip{ai,Ei,ap,Ep). Then the data (A, ^, e) gives 
the embedding part of the data of an element of Yo{a, e, {W, £w)), and we must now 
provide the bundle part. Under the chosen diffeomorphism 

X|(_6,-2) = (-6, -2) X M-^-'-l X S' =^(a„e.,a„e,) - + £p) X R^''-^ X S\ 

the embedding : A^ x (a^ — Ei,ap + Ep) x R'^^'-^^ x S'' ^ W gives a ^^-structure 
£i\(~e.~2) — o Dfi on A^ x K\(^_q^_2)- For £i we may take any extension of this 
^-structure to A^ x K, and so only need to know that such an extension exists. 
This is a purely homotopical problem, and homotopically ii'|(_6,o) is obtained from 
if |(„g _2) by attaching a so the extension problem can be solved if and only if 

^woDf,\a, ■■ T{A,x{a,}xR'^-^-^xS') 6* extends oyei Aix{ai}xR'^-^-^xD'+\ 
but we have seen above that it does, because A^ x {ai} x K'^"'"^ x S*' — > W^|a. — > B 
is null-homotopic. □ 

6.5. Proof of Theorem 15.131 Recall that the statement of the theorem is as 
follows. We work in dimension 2n, and fix a tangential structure 9 which is reversible 
(cf. Definition lS.ip . a (2n— l)-manifold with boundary L equipped with 0-structure, 
and a collection A C 7ro(Ob(Cg^ '"~ (K^))) of objects. This allows us to define 
the augmented bi-semi-simplicial space 

D'g'-^^'-^iR^),^, D^,-'^"-2(M^). 
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of surgery data, and the second part of Theorem 15.131 states that if the conditions 
of Theorem 15.21 are satisfied, then the induced map on geometric reahsation is a 
weak homotopy equivalence. (We have aheady proved the first part of Theorem 
15. 131 in Section [O]) We recall that these conditions are: 

(i) 271 > 6, 

(ii) 3n + 1< iV, 

(iii) 6 is reversible, 

(iv) L admits a handle decomposition only using handles of index < n, 

(v) £l : L ^ B is {n — l)-connected, 

(vi) the natural map A — ?► 7ro(i3Cg ^^'""^(M^)) is surjective. 

Note that the penultimate condition implies that for any object, the map AI — > B 
induced by the tangential structure induces a surjcction on tt* for * < n. 

In many respects the proof of this theorem is very similar to what we did in 
Sectioninm but in that section we often used the inequality 2(^ + 1) < d so that pairs 
of transverse {I + l)-dimensional submanifolds of a d- manifold are automatically 
disjoint. In Theorem l5.13[ d = 2n and the analogue of Z is (n — 1) so this observation 
fails. Instead, we will use a version of the Whitney trick to separate n-dimensional 
submanifolds of our 2n-manifolds; this accounts for the restriction 2n > 6 in the 
statement of the theorem. 

We proceed precisely as in Definition l6.12l bv for (a, e, (W, iw)) G -Dg^^'"^^(R^)p 

letting y,(a,£, {W,£wj) be the analogue of Y,{a,e, {W,£w)) from Definition 15.121 
where instead of asking that e be an embedding, we only ask for it to be a smooth 
map which restricts to an embedding on a neighbourhood of A x C. We use this to 
define the bi-semi-simplicial space Dg'^^"^{R^),^,, and by the same argument as 
Proposition 16 . 131 the inclusion 



is a weak homotopy equivalence in each bidegree. We are now left to verify the 
conditions of Theorem 16.21 for the augmented semi-simplicial spaces 



That the map on 0-simplices has local sections is proved as in the previous two 
sections. 

Proposition 6.17. Fix a point (a,e, {W,£w)) G L^'"~^(K^)p; and let vi, . . . , 

Vk G Yo{a,e,(W,£w)) be a non-empty collection of pieces of surgery data. Then if 
2n > 6 and 3n + 1 < there exists a piece of surgery data v € ¥0(0,6, (W,iw)) 
such that each {vi,v) is a 1-simplex. 

Proof. Let us write Vj = (A-' , ,e-' ,£■'). First wc let v — vi, then we perturb it to 
have its cores transverse to the cores of all the vj . We first do the perturbation on 
the part of the cores inside W. On the boundary the cores are n-dimensional, so 
when they are transverse, they intersect in a finite set of points. We now make sure 
the cores intersect W only on their boundary, which is possible as (n+ 1) + 2n < N . 
We finally make sure that the cores are also disjoint on their interiors, which is 
possible as 2{n + 1) < A^. 

We are left with surgery data v whose core is disjoint from the cores of Vj away 
from W, and on W intersects the other cores transversely. It has a finite number 
of transverse intersections with all the other cores in W, so it is enough to give 
a procedure which reduces the number of intersections by 1. Let x be such an 
intersection point, between v and some Vj. More precisely, suppose it is a point of 
intersection of the cylinders 



D] 




(R^).,. ^ D'^^'^-^iR^) 




e,(A, x(-6,-2)x{0}x5"-i) 



ei(Aix (-6,-2) x{0}x 5-1). 
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Claim 6.18. Let T C denote the triangle {(x, y)\y < 0,y + 1 > \x\} and U a 
small open neighbourhood of it, e.g. defined hy y < e, y + I < \x\ + e. There is a 
Whitney disc w U ^ W such that 

(i) w is disjoint from R x L. 

(ii) i]x{o} is a path in W\ap which on its interior is disjoint from all the 
cores. 

(iii) The inverse image of the first cylinder is the line on dT from (0, —1) to (—1, 0). 
The inverse image of the second cylinder is the line from (0, —1) to (1, 0). 

(iv) The height functions xiow and zy : T — > R agree up to an affine transformation 
inside each (xi o w)~^{aj — Sj, aj + Sj). 

Given such a disc, we can extend it to a standard neighbourhood w{U) x M"^^ x 
K"-! C as in the proof of [Mil65[ Theorem 6.6]. Note the argument is easier 
in this case as we are canceling intersection points against the boundary instead of 
against each other, and so no framing problems arise. We can further extend this 
to a neighbourhood 

w{U) X M"-i X M"-i X c R X (0, 1) X R^-^. 

There is a compactly supported vector field on U which is d/dx on D^, and we 
extend it using bump functions in the euclidean directions to this open subset of 
M X (0,1) X R^""'^. The flow associated to this vector field gives a 1-parameter 
family of diffeomorphisms ipt, and flowing along using tpt will eventually lead to 
a new whose core has one fewer intersection point with other cores (at least inside 
W\(ao-eo-aj,], but we cau then use the cylindrical structure of W\(^aj,-ep,aj,+ep) to 
remove any intersections above Op). It will still satisfy condition (|ii]) of Definition 
I5.12l bv property (pv]l above, and the other conditions are clear. 

It remains to prove the claim. If it were not for property (pvT) the argument is 
clear: choose an embedded path from x in each cylinder up to W\a ■ Together 
these give an element of 7ri(T4^|[a._(jp]i W^Up) which isOasK = n— 1>2, and so 
this extends to a continuous map w\t '■ T — >■ W which gives these two paths along 
the lower part of its boundary and lies in W\aj, in the top part of its boundary. As 
2 • 2 < 2n, this map may be perturbed to be an embedding into W, still enjoying 
these two properties. Finally, as 2 + n < 2n, w\£)2 can be made disjoint from the 
other cores on its interior. This may now be extended to a map on U, enjoying 
properties ^ and dm]). 

To obtain property (pv]l as well, we instead build up the embedding w\t in pieces 
inside each W\[a^,aj+i], which is possible as each ni{W\[aj,aj+i],W\a^^i) is 0. □ 

In the proof of Proposition 16.161 it was easy to see that for an object M G 
Cg'|7^(M^) there exists a piece of 6'-surgery data e : A x R'^^'^i x S' ^ M such 
that the resulting manifold M has 7r;(M) tti{B) injective, so satisfies condition 
(|iv)) of Definition 14.31 In the present situation we have M G Cg~^ (R''^) and 
require surgery data so that M G A, to satisfy condition (jvj) of Definition 15.121 
This is rather more difficult, and we first describe how to accomplish this step. 

Lemma 6.19. Let M e Cg7^'""^(M^) be an object, and suppose that 9 is re- 
versible, 2n > 6, L has a handle structure with only handles of index < n, £l : 
L ^ B is (n ~ l)-connected, and A contains an object in the same path component 
of BCg^ '"^ (R^) as M. Then there is a piece of 6 -surgery data, given by an 
embedding e '■ A S*' ^ M disjoint from L and a compatible bundle map 

T(A X R'*^'^^ X 9* "I, such that the resulting surgered manifold M lies in 

A. 



Proof. Part of this proof is very similar to [Kre99[ pp. 722-724]. 
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We first claim that if there is a morphism W : Mq ~^ Mi G Cg ^(M^), then 
there is another, W say, with the property that {W , Mq) is also (n — l)-connected. 
(By definition, {W',Mi) is (n — l)-connected.) In fact, we claim that it is possible 
to do surgery along a finite set of embeddings of 5"^^ x into the interior of 

W (and disjoint from L), such that the resulting cobordism W' is {n — l)-connected 
with respect to both boundaries. Let us first point out that doing any such (n— 1)- 
surgery does not change the property that TTk{W,Mi) = for fc < (n — 1): up to 
homotopy it amounts to cutting out a manifold of codimension (n + 1) and then 
attaching a cells of dimension n and 2n. We have assumed that L ^ B is {n— 1)- 
connected so 7rfc(Mo) — >■ TTk{B) is surjective for fc < n — 1. Since Mq G it 
is an isomorphism for fc < n — 2 and similarly for Mi. Since TTk{Mi) — >■ TTk{W) is an 
isomorphism for k < n—2, we conclude that 7rfe(A/o) T^k{W) is an isomorphism for 
k < n—2, but it need not be surjective for k = n—1. In fact, the long exact sequence 
in homotopy groups identifies the cokernel with 7r„_i(VF, Mo) = Hn-i{W , Mq). The 
fact that 7r„_i(Ajfo) ^ 7r„_i(_B) is surjective implies that the composition 

Ker(^„_i(I¥) ^ 7r„_i(B)) ^„-i(W^) ^ 7r„_i(I¥,Mo) 

is still surjective. By the Hurewicz theorem, 7r„„i(VF,Mo) = Hn^i{W, Mq) is 
finitely generated as a module over tti , and we have proved that there exist finitely 
many elements S Ker(7r„_i(VF) — ^ 7r„_i(_B)) which generate the cokernel of 
7r„_i(Mo) — > 7r„_i(W^). These elements may be represented by disjoint embedded 
framed spheres in the interior of W, and as L has a handle structure with only 
handles of index < n they can be made disjoint from L, and we let W' denote the 
result of performing surgery. Both pairs {W',Mo) and {W',Mi) are now {n — 1)- 
connected, and by Proposition 15.71 W again admits a ^-structure. 

We now return to the proof of the lemma. There is a zig-zag of morphisms in 
the category ^^'"""^(R^) from M to an object of A, as A was assumed to hit 
the path component of M. By the above discussion we can suppose that it is a 
zig-zag of 0-cobordisms which are (n — l)-connected relative to both ends. Then, 
by reversibility, we can reverse the backwards-pointing arrows and obtain a single 
morphism 

{C,£c) : {M,£m) - {A,£a) e C,"7^^"-2(M^), 

which is {n — l)-connected relative to both ends, so tt^,{C,A) = tt^,{C,M) = for 
* < ri — 1 . 

If such a cobordism C admits a Morse function with only critical points of index 
n, then the descending manifolds of the critical points, and £c restricted to them, 
gives the required 6'-surgery data. It remains to produce such a Morse function. 

If TTi (L) = then all of the manifolds appearing above are also simply-connected, 
and we deduce by Poincare duality and the Universal coefficient theorem that 

(C, M) is concentrated in degree n and is free abelian. We can choose a self- 
indexing Morse function on C and as in the proof of the /i-cobordism theorem we 
can first modify it to have no critical points of index or 1 |Mil65[ Theorem 8.1], 
do the same to the negative of the Morse function to remove critical points of index 
2n and (2n — 1), and finally by the Basis Theorem |Mil65[ Theorem 7.6] we can 
diagonalise the differentials in the Morse homology complex, and so modify the 
Morse function to only have critical points of index n. 

When 7ri(I/) ^ we must go to a little more trouble, and use techniques from 
the proof of the s-cobordism theorem. As these are less well known, we go into 
more detail, but recommend |Liic02| and |Ker65| for details of that argument. As 
above, pick a self-indexing Morse function on C and let us write 



vr = TTi{L) = TTi{M) = 7ri(C) = 7ri(A) 
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for the common fundamental group, and Z[7r] for its integral group ring. 

When M ^ C is 1-connected, |Mil65[ Theorem 8.1] is still true: we may modify 
the Morse function to have no critical points of index or 1, and as above do the 
same on the opposite Morse function to eliminate critical points of index 2n and 
(2n — 1). The cores of the handles given by this Morse function on the universal 
cover give a cell complex with cellular chain complex C*(C, M), and C*(C, A) for 
the opposite Morse function. These are chain complexes of based free Z[7r]-modules, 
and geometric Poincare duality gives an isomorphism 

C,{C,M) = Homz[,](C2„-*(C,I),Z[^]) 

of chain complexes, by sending basis elements to their "dual" basis elements (we 
use the convention of |Wal701 Ch. 2] to interchange right and left Z[7r] -module 
structures). 

The chain complex C2n-* {C, A) is one of free Z[7r]-modules and = vr* (C, A) ~ 
7r*(C', A) = (C, A; Z) for * < n — 1, so it is acychc in degrees 2n — * < n — 1. By 
the Universal coefficient spectral sequence, the same is true for its Z[7r]-dual and 
so C*(C, M) is acyclic for * > n + 1. Furthermore 7r*(C, Af) = 7r*((7, Af) = 
H^, (C, M; Z) for * < n — 1, so the homology of C* (C, M) is concentrated in degree 
n. By the usual modification technique, we can use handle exchanges to modify 
the Morse function to only have critical points of index n and {n — 1). We are left 
with a short exact sequence of Z[7r]-modules 

Hn{C, M; Z) — > Cn{C, M) ^ C„_i(C, M) 0. 

The rightmost term is a free Z[7r] -module and so this sequence is split: in partic- 
ular, if„(C, Af;Z) is stably free as a Z[7r]-module. If if„(C,Af;Z) is not actually 
free as a Z[7r]-module, there cannot exist a Morse function on C with only critical 
points of index n. In this case we replace C by C^^S" x 5" for g sufficiently large 
(and this manifold admits a ^-structure by Proposition 15. 71) . This has the effect of 
adding on a large free Z[7r]-module to Hn{C, M;Z), so we may assume that this 
homology group is now free, and pick a basis of it. 

Choosing a splitting of the short exact sequence above, we obtain an isomorphism 

(6.3) CniC, M) = i/„(C, M; Z) ® C„_i(C, M) 

of based free Z[7r]-modules, and so an element of Ki{Z[tt]). However, the basis we 
chose for Hn{C, M; Z) was not geometrically meaningful and we are free to change 
it. After possibly stabilising C further, it is possible to choose a basis for which (j6.3p 
represents the zero class in KiCZItt]), and hence in the Whitehead group Wh(7r) too. 
We may then use the modification lemma to rearrange the index n critical points 
of the Morse function so that 9„ : Cn{C,M) — C„_i(C, Af) is simply projection 
onto the first few basis elements: this allows us to cancel all the critical points of 
index {n ~ 1). □ 

Proposition 6.20. Yo{a,e, {W,£w)) is non-empty as long as 3n+l < N, 2n> 6, 
6 is reversible, L admits a handle structure with only handles of index < n, : 
L ^ B is (n — I) -connected, and the natural map A TToiBCg ^^'" ^(M^)) is 
surjective. 

Proof. We follow the proof of Proposition 16.161 with a few changes. Let d = 2n 
and I = n — 1. The first step of Proposition 16.161 is to produce for each W\ai the 
^-surgery data fi\ai- The method described in that proposition no longer works, 
and we use Lemma [6. 191 to produce the necessary data instead. From this point up 
to constructing the maps ei|((j._£. Q.+g.) there is no difference, and the argument 
given in Proposition 16.161 goes through. 
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It remains to explain how given an embedding ei\aj we can extend it to ei|[a. ^ .^^j. 
We proceed in the same way: we have the embedding 

: A, X {a,} X M" X 5"-^ ^ W\a^ 

disjoint from i, which extends to a continuous map 

/»l[a,.a,+i] : A, X [aj,aj+i] x M" x 5"-^ ^lK-,a,+i] 

as (VF|[a^^aj_n], W^Uj+i) is {n — l)-connected by assumption. We can again make 
this be a self-transverse immersion of the core, but this no longer implies that the 
core is embedded: it will have isolated points of self-intersection. As 2n > 6 we can 
remove these using the Whitney trick, as in the proof of Proposition 16. 1 7l The core 
may still intersect the core of [oj, flj+i] x L, as they are both of dimension n inside 
a 2n-manifold, but we can again use the Whitney trick to separate them. Given 
fi\[aj,aj+i] which is an embedding of the core and whose core is disjoint from that of 
L, we can shrink in the R" direction and isotope it to get an embedding 
disjoint from [aj,aj^i\ x L, and then extend this to ei\^a- a +i] ^-s in Proposition 

EH 

This gives the required embeddings e^, which are then combined as in Proposition 
l6.16l to get (A, 5, e), the embedding part of the data of an element oiYQ{a, e, (VF, iw))- 
The remaining bundle part of the data consists of an extendible (cf. Definition l5.10|) 
6'-structure ^! on A x iiT which agrees with Iw ° D{de) on A x i4r|(-_g _2)i ^nd such 
that the effect of the 0-surgery described by this data (i.e. the restriction of £ to 
^l(-6,o]) liss in A. We will describe a construction which for each A G A produces 
a ^-structure £\ on K C R""*"^ x R"; these are then combined in the obvious way. 

Firstly, there is a unique 0-structure on the subspace 

(6.4) i^l(-6,-2) = ((-6, -2) X R") X 

such that the embedding de preserves ^-structures (i.e. satisfies requirement (pli)) of 
Definition 15. 12p . Secondly, the manifold 

(6.5) ^l(-6,o] C R"+i X R" 

is obtained from (16. 4p by attaching an n-handle. To extend the 6'-structure requires 
a null-homotopy of the structure map 5*""^ — )■ B from the 6'-structure on (|6.4p . 
and this is provided as part of the 0-surgery data in Lemma 16.191 Finally, we 
need to prove that this structure extends to a ^-structure over all of which is 
furthermore extendible. To see this, we observe that the restriction of this structure 
to the subspace 

(6.6) i^|(-6,o] - (S2^'(0) X R") = ((-6, 0] X R" - B^+\0)) x 5""! 

admits a (homotopically unique) extension to the manifold (R x R") x 5""^, since 
this deformation retracts to (|6.6|) . Restrict this extension to the manifold (R x R" — 
B^+^{0)) X 5"-! =K-{B'^+^{0) X R") and glue it with the structure on (g^]), to 
get a 0-structure on 

(6.7) i^|(_o,,o]U(i^-i?^i(0)xR"). 

It remains to prove that this structure can be extended to all of K . It is easy to 
see that the stabilised structure extends to a bundle map ®TK -^9*^, but then 
Lemma implies that the unstabilised bundle map also extends. □ 
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7. Proofs of the main theorems 

In this section, we use the resuhs of Sections |3Hni to prove the theorems stated 
in Section [T] As explained in Remark 11.101 Theorem 11.21 follows from Theorem 11.81 
which we prove in full detail in Sections l7.2[|7.3ll7.4[ and l7.5l below. Nevertheless, we 
shall first outline in some detail how to deduce Theorem ll.2l directlv from the results 
in Sections [5Hni in the hope of putting the general case in a useful perspective. 

In the following we shall work entirely in even dimension d — 2n > 4 and always 
set N = oo. (Suitably interpreted, all results hold for sufficiently large finite N, 
but we shall not pursue this here.) 

7.1. Outline of proof of Theorem 11.21 To apply the theorems in Sections [3] 
andlH we must specify a structure 6 : B ^ B0{2n) and a (2n — l)-dimensional 
manifold L with 6'-structure £l ■ £^ ® TL — > 6*^. For the purpose of deducing 
Theorem 1 1.21 wc let 9 — 9^ : BO{2n){n) B0{2n) be the n-connective cover, and 
let L c (-1,0] X be a {2n — l)-manifold with collared boundary, diffeomorphic 
to D^"~^. Now, the inclusion functors induce weak equivalences 

BC;;-];"-^ ~ BC;ri - BCo'^.l ^ V'e",L(oo, 1) ~ Ve"(oo, 1) ~ n°°-'MT9^, 

obtained by applying Theorem 14.11 {n — 1) times, Theorem 13.11 n times. Proposi- 
tion 12.151 and Proposition 12.161 respectively, composed with the weak equivalence 
ip9,^{oo, 1) ~ n°°-^MT9'' from [GRWIOI Theorem 3.12]. 

To apply the result of Section^ we must specify a subset A C 7ro(Ob(CgV^'"^^))- 
There is a unique path component of Oh{C^~^£^~'^) consisting of manifolds dif- 
feomorphic to S^^~^ (with its standard smooth structure). Letting A consist of 
this path component, Cg^]^ is the full subcategory of Cg^^"'~^ on the objects in 
A. It is clear that 0" is spherical and hence reversible (cf. Proposition 15. 6|) . that 
L = £)^"~^ admits a handle decomposition using only handles of index less than 
n (since a single 0-handle suffices), and that the map £l ■ D^^~^ — BO{2n){n) 
is {n — l)-connected (it is even n-connected). Theorem 15.21 would give the weak 
equivalence BCg^]^'^ — BC^~^£^~^ , except that that theorem requires A to contain 
at least one object from each path component of BCg^^"~'^ , which may not hold 
here. Therefore we let A C 7ro(Ob(Cpi'""^)) be the union of A and the set of 
path components of objects which map to a path component of BC^g~^£^~^ disjoint 
from that of A. Theorem 15.21 does apply to A and gives the weak equivalence 

BCg::^^ ~ BCg-};'"^ ~ n°°~^MT9". 

By definition, the inclusion BCg„ C BCg^]^"^ is just the inclusion of a path 
component, and hence becomes a homeomorphism after taking based loop space, 
so we get the weak equivalence 

nBCg,vl;^ - ^°^MTe'^. 

The category Cg^]^^ is not quite a monoid, since it contains multiple objects 
(namely all those manifolds diffeomorphic to 5^""^), but the space of objects is 
path connected, and we let Ai be the endomorphism monoid of some chosen ob- 
ject. Then the nerve NpM is the fibre of the fibration NpCg,^];-^ (A^oC" 
and the Bousfield-Friedlander theorem (^ |BF781 Theorem B.4] or the earlier special 
case |May72[ Theorem 12.7]) implies that the inclusion BAi — >■ BC^~\^ is a weak 
equivalence (this can also be seen more geometrically as in |GRW101 Proposition 
4.26]). Altogether, we obtain a weak equivalence VtBM ~ n°°MT9"'. 
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The monoid Ai is described up to homotopy as 

M c^]]_BI)iS{W,D), 

w 

where W ranges over (n— l)-connected closed 2n- manifolds admitting a ^"-structure, 
and D C W is a submanifold equipped with a diffeomorphism D = D^". (Admit- 
ting a 6'"-structure is equivalent to being parallelisable over the n-skeleton. Since 
the pair {W, D) is (n — l)-connected, the space of ^"-structures is contractible when 
it is non-empty.) In this description, the monoid structure corresponds to connected 
sum and therefore M. is homotopy commutative. The classical "group completion" 
theorem (cf. [MS76p then gives an isomorphism in homology 

where the left hand side denotes the ring H^,(A4) localised by inverting the mul- 
tiplicative subset ttqM. Finally, we claim that the localisation on the left hand 
side may be calculated by inverting only the element of ttoM corresponding to 
T = 5" X S"". To see this, we use that if W is an element of M, then there 
is another element W with the same underlying manifold, but where the identi- 
fication D^" = D C W is changed by an orientation-reversing diffeomorphism. 
Then the connected sum W^W may be identified with d{{W — int(_D)) x [0, 1]), 
which we claim is diffeomorphic to the connected sum of h copies of T, where 
b = rank(iJ„(W^)). This can be seen by picking a minimal Morse function on the 
bounding manifold {W — int(£')) x [0, 1]. (It has homology Z in degree and Z*" 
in degree n and is parallelisable; cancelling critical points in a Morse function as in 
|Mil65| proves that {W — ix\i{D)) x [0, 1] is diffeomorphic to the boundary connected 
sum of h copies of 5" x 1?"+^.) Therefore the element \W] E ttq/A is invertible 
in the ring H^,{Ai)[T^^], with inverse [r]~''[M^]. The localisation by inverting the 
element [T] may be calculated as a direct limit, and hence we have the homology 
equivalence 

hocolim(X ■■■) — > n°"MT0"-, 

which upon restricting to the appropriate path component gives Theorem 1 1.2 1 □ 

We now embark on the detailed proof of Theorem 11.81 which will occupy Sec- 
tions [TjH [731 EUl and l7.5l as follows. Suppose given a spherical tangential structure 
: B BO{2n), a (2n— l)-manifold L which admits a handle structure with han- 
dles of index less than n, and a ^-structure II '■ £^ ® TL 9*j such that the 
underlying map L — >■ _B is (n — l)-connected. In this situation the results of Sec- 
tion |3HB] apply, and will be summarised in Section 17.21 below as a weak equivalence 
between ^°°MT9 and the loop space of the classifying space of a category C. Then 
in Section 17.41 we apply a version of the "group completion" theorem to relate the 
homology of Q,BC to the homology of morphism spaces of C, suitably localised using 
the theory of universal 0-ends developed in Section 17.31 In Section 17.51 we explain 
how to apply these results to prove Theorem II. 81 Finally, in Section [7.61 we explain 
how to deduce the results about algebraic localisation from Theorem 11.81 

7.2. The category C. Suppose that 2n > A, lei 9 : B BO{2n) be a spherical 
tangential structure, and i be a (2n — l)-dimensional manifold with boundary 
which admits a handle structure using handles of index at most {n— 1). Let be 
a ^-structure on L, and suppose that the underlying map L ^ B is {n— I) -connected. 

Picking a collared embedding L ^ (—1/2,0] x (—1,1)°°"^, we have defined a 
category C^^^'""^. Finally, let A C 7ro(Ob(Cg ^^'"~^)) be the set of objects {M,£) 
for which M — int(L) is diffeomorphic to a handlebody with handles of index at 
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most {n — 1). In Definition 12 . 1 II we have defined 

^n—l,A ^ x^n— l,n— 2 

as the fuU subcategory on those objects contained in A. 

Definition 7.1. A morphism in Q'j^'^ is a manifold W C [0,t] x (-1,1)°° with 
W n a;2"^((— oo, 0]) = [0,i] x L (equahty as 6'-manifolds). Write 

W° = ly- ([0,i] X int(L)) 
for morphisms and similarly 

M° = M- int(L) 

for objects. Morphisms or objects X e Cg ^^'"^ arc completely determined by X° 
and we denote by C the category with 

Ob(C) = {M° I M e Ob(Ce 7^-^)} 

Mor(C) ^{W°\W ^ Mor(Cg ^'■■^)} 

made into a topological category by insisting that the functor Cg j^^'"^ — >■ C given 
by X I— >■ X° is an isomorphism of topological categories. 

Our work in Sections |31 HI [Sj and IHl determines the homotopy type of the space 
^IBC, as follows. (We emphasise that in this section L B is assumed {n ~ 1)- 
connected and 6 : B ^ B0{2n) is assumed spherical.) 

Tiieorem 7.2. There is a weak equivalence 

QBC ~ n°°MTe, 

where loops are based at any object P° € Ob(C), and MT6 is the Thorn spectrum 
associated to 9 : B ^ BO{2n). 

Proof. This is identical with the argument given in Section l7. II Briefly, we define 
the set A to be the union of A and all objects not in a path component of BCg~[}'^~^ 
containing an element of A, and use the string of weak equivalences 

BC^-^^ ~ SC;'~^'"-' ~ Sq^i ~ BCe^L ^ ^/'e,L(oo, 1) ~ 7Ae(oo, 1) ~ n°°-HlT9 

as well as the homeomorphism BC = BCg^^"^, and the fact that the inclusion 
' is a homeomorphism onto the path components it hits. □ 

From now on we will work with the category C, and we need a lemma to translate 
what the connectivity conditions in Cg~^^'^ mean after cutting int(L) out. 

Lemma 7.3. 

(i) Let N be an object in C^~j^'"^ and W '■ M N be a morphism in the larger 
category Cg j^^'" ^ . Then the pair {W,M) is {n — l)-connected. 

(a) Let W° : M° ^ N° be a morphism in C. Then the pairs {W°,M°) and 
{W°,N°) are {n - l)-connected. 

Proof. By deflnition, A consists of manifolds M such that M — int(i) admits a 
handle structure with handles of index at most (n — 1), and reversing such a handle 
structure we see that this is equivalent to M — int(L) being obtained from dL by 
attaching handles of index at least n. 

The pairs (iV, {1} x L) and {W,N) are both [n — l)-connected, from which we 
deduce that (VT, {1} x i), and so (H^, {0} x L), is also [n — l)-connected. As 
(M, {0} X L) is [n — 2)-connected, we deduce that {W,M) is (n — l)-connected, 
which establishes the first part. 
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For the second part, observe that W deformation retracts to W° U N. Therefore 
all pairs {N,L), {M,L), {W,N) and (W^, W^°) are homotopy equivalent to relative 
CW complexes with relative cells of dimension at least n. As n > 3, it follows 
that all the inclusions between L, dL, iV, N°,M, M°,W, W° , and dW° induce 
isomorphisms on fundamental groups, and we write tt for the common fundamental 
group. There are isomorphisms 

H4W, N;Z[tt]) = H4W° U N, N;Z[tt]) = H,{W° , N°;Z[tt]) 

given by the homotopy equivalence W°UN ~ W and excision of int(L) respectively, 
and so H.,{W° , N°;Z[Tr]) = for * < n - 1. Hence {W°,N°) is {n - l)-connected, 
and the same argument applies to the pair {W° , M°). □ 

Definition 7.4. Recall from the proof of Proposition 12 . 161 that we constructed a 6- 
manifold D{L) which is diffeomorphic to the double of L. This contains L C D{L) 
with its standard 6'-structure, and we write L for the 0-manifold D{L) — mt{L). As L 
has a handle structure with handles of index at most (n — 1), D{L) can be obtained 
from L by attaching handles of index at least n. We extend the embedding of L to 
an embedding D{L) (-1, 1)°° to get objects D{L) e Cg^^-^ and D{L)° = LeC. 

The relevance of the category C to Theorem 11.81 is evident from the following 
proposition. 

Proposition 7.5. For any object P e Cg there is a weak equivalence Lpp : 



C{L,P°) — > H {P,ip) such that if K : P P' is a morphism in Cg ^ ' , then th 
diagram 



e 



cm P°)^^C{L, {P')°) 



ippf 



M%P,lp)^^U''{P',lp') 

commutes, i.e. ipp is a natural transformation of functors Cg~j^'^ — !■ Top. 

Proof, ipp \s defined as the composition 

ipp : C{L,P'') ^C'^;j^'^-^{D(L),P)'^ C^-\0,P) ^ N\PAp), 

where V '. ^ D{L) is the 0-cobordism constructed in the proof of Proposition 
I2.16l and the last map is {t, W) i— )■ W — t-ei. It is clear that the square commutes, so 
it remains to show that (pp is a homotopy equivalence. To do this, consider first the 
trivial cobordism Px [0, 1]. This contains Lx [1/4, 3/4], which is diffeomorphic to V 
and has a homotopic 6'-structure. Cutting this out gives a (?-cobordism PJID{L) ^ 
P containing L x I. Composition along the incoming P of this ^-cobordism defines 
a continuous map 

Af'{P,£p) ^C;-\0,P) ^Q;^\D{L),P) =C^;^''-^{D{L),P)^C(L,P°) 
which is homotopy inverse to ipp. □ 

7.3. Universal 0-ends and the proof of Addendum 1 1 . 9l Let 9 : B B0{2n) 
be spherical. Recall from Definition 11.71 that a universal 9-end is a submanifold 
K C [0,oo) X R°° with 6'-structure Ik such that xi : K ^ [0, oo) has the natural 
numbers as regular values. We insist that 

(i) Each i^ljj j+i] is a highly connected cobordism, i.e. is (n— l)-connected relative 
to either end, 

(ii) For each highly connected 6'-cobordism W : K\i ~^ P, there is an embedding 
j -.W ^ K\[i_ac), and a homotopy £k o Dj ~ £w, both relative to K\i. 
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We wish to have the notion of universal 0-end available to us in the cobordism 
category C. Let K\o, K\i, ... be a sequence of objects in C, and K\[i_i^i] : K\i-i -> 
K\i be a sequence of morphisms in C. For integers < a < 6, let us write 

K\[a,b] = K\[a,a+1] ° K\[a+l,a+2] O ■ ■ ■ O K\[i,-l.b] 

for the composition of the morphisms from K\a to K\h. There are natural inclusions 
-K^I[o,a] C if |[o,a+i] C • • • and we let K denote the union: a non-compact smooth 
manifold with 0-structure. The symbol -ftr|[a.h] is not ambiguous, and we can also 
make sense of Kl^^.^o) = ^b>aK\[a.b]- 

Definition 7.6. Say that K is a universal 9-end in C if, in the notation just 
introduced, properties Q and ^ above hold, where in ^ we require to be a 
morphism in C. 

Proposition l7.8l below proves Addendum II. 9 [ together with a version for universal 
0-ends in C. Before giving the proof, we make some preparations. 

Lemma 7.7. Let W : N M be a highly connected cobordism. There exist 
cobordisms F : M M and G : N N such that W o F and G o W both admit 
handle structures using only handles of index n. Similarly, if W is a morphism in 
the category C, then F and G can be taken to be morphisms in this category, with 
the same conclusion (in this case, attaching handles along embeddings S*"^^ x D" — >■ 
int(iV);. 

Proof. The pairs [W, M) and {W, N) are both (n— l)-connected, so if we let F and 
G be sufficiently large multiples of ([0, 1] x M)4t^{S'' x S"') and ([0, 1] x N)#{S" x S") 
respectively then, by the method used in the proof of Lemma [6. 191 both W o F and 
G oW admit the required handle decompositions. □ 

Proposition 7.8. Let i^jji j^ij he a sequence of composable morphisms in C and 
let K = Ui^lio^i] be the infinite composition. Then {K,£k) is a universal 9-end in 
C if and only if the following conditions hold, 
(i) For each integer i, the map 7r„(if |[j o^)) ~^ T^n{B) is surjective, for all base- 
points in K . 

(ii) For each integer i, the map 7r„_i oo)) ~^ T^n-i{B) is injective, for all 
basepoints in K . 

(Hi) For each integer i, each path component of if|[i,oo) contains a suhmanifold 
diffeomorphic to S" x S*" — int(_D^"), which in addition has null-homotopic 
structure map to B. 

Similarly, is a sequence of composable, highly connected cobordisms in 

Cg, then K is a universal 9-end if and only if conditions and / fm)) hold. 

(I.e., Addendum l 1 . 9\ is true). 

Proof. We shall only give the proof in C, the other case being completely analogous. 
To prove the "if" direction, we must show that for each integer i and each highly 
connected cobordism W : K\i P with ^-structure £w, there is an embedding 
j :W ^ if |[i,oo) and a homotopy £k ° Dj — £w, all relative to K\i. 

By Lemma 17.71 for any such W there is a cobordism F : P ^ P so that W o F 
admits a handle structure with handles of index n only, so it suffices to consider 
the case where W consists of a single n- handle relative to K\i, attached along an 
embedding S'"^^ x D" ^ K\i. We need to find an extension of this embedding 
into if|[i,oo) (with the correct homotopy class of 6'-structure). The map S*""^ x 
— >■ K\i — if|[i^oo) is null-homotopic by assumption (jn]): it is certainly null- 
homotopic when composed with ifjjjoo) — >■ B, because that composition is equal 
to the composition 5"^^ x Z?" — > if,; — > — > i3. Thus there is a continuous map 
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f : W ^ K\[i rx,} relative to K\i. Furthermore, as 7r„(i4r|[j_oo)) 7r„(i3) is surjective 
by assumption (P, we can change / by adding on elements of 7r„(i4r|[j_oo)) so that 

is homotopic relative to K\i to £w The 0-structures on W and K now give bundle 
isomorphisms 

TW^£lye*j^f*tj,e*j and Tif |[,,oo) = ^^^7, 

and hence an isomorphism TW = f*TK\^i,x,'f relative to K\i, i.e. f : W ^ K 
is covered by a bundle map TW — > TK, which near K\i is the derivative of the 
embedding. By Smale-Hirsch theory, we may therefore homotope f :W ^ -f^|[i.oo) 
to an immersion, without changing it near K\i. 

Finally, we explain how to replace the immersion f : W ^ ^|[i,oo) by an em- 
bedding. It suffices to make / an embedding near a core {D^\dD") C (M^, 
of the n-handle, and we shall write / : Z?" — -?^|[i,oo) for the restriction of /. Af- 
ter changing / by a small isotopy, we may assume that all self-intersections of / 
are transverse. We shall explain how to remove one self-intersection point of /, 
changing the homotopy class of / in the process. Around a self-intersection point, 
choose a coordinate R" x R" ^ ^l[i,oo) so that M" x {0} and {0} x R" give local 
coordinates around the two preimages of the double point. By assumption fm)) we 
can find an embedded 5" x S"" — int(D^") C i^|[i,oo) with nuU-homotopic map to B. 
We can also assume it is disjoint from the image of /, since W is compact. Then we 
choose an embedded path from this x S"' — int(£'^") to the patch R" x R", and 
thicken it up: inside this we have a subset diffeomorphic to the boundary connect 
sum 

(D" X D") [\ (S*" X S"" - int(D2"))^ 

which the image of / intersects in Z?" x {0} U {0} x Z)". Inside this subset there 
are embedded disjoint discs which give the same embedding on the boundary, and 
we can modify / by redefining it to have these discs as image instead. This reduces 
by 1 the number of geometric self-intersections of /, and up to homotopy we have 
added an element of 7r„(S'" x S" — int(Z?^")) to the homotopy class of /. As 
S"" X S*" — int(ZD^") — 7> K\[i ao) B was nuU-homotopic, we have not changed the 
homotopy class of / in B. 

After finitely many steps, we have changed / to an embedding. The correspond- 
ing embedding f : W ^ ^|[j,oo) (obtained by thickening / up again) is homotopic 
to the original one after composing with £k '■ ^|[i,oo) B, so £k o f — £w relative 
to K\i. Hence the induced 6'-structure on W is homotopic to the given one relative 
to K\,. 

To prove the "only if" direction, we must prove that any universal 0-end {K, Ik) 
satisfies the three conditions. It is clear that (jm]) is necessary: For any i we can let W 
be the boundary connected sum of the cylinder K\iX[i,i-\-l] and the (parallelisable) 
manifold S*" x 5'"— int(Z)^") equipped with a trivial ^-structure. Universality implies 
that this admits an embedding into K\[i^ao), and hence S*" x S"" — int(Z)^") does 
too. 

For property ([!]), it suffices to prove that for any i and any a € 7r„(Z?), there 
exists a morphism Wa G C{K\i,P) for some P, with a G Im(7r„(WQ) — )■ 7r„(Z3)). 
To construct such a manifold, we may represent a by a map ^ B and lift the 
composition 6 o a : S^^ ^ B ^ BO{2n) to a map / : 5" — BO{n). If we let 
D — ^ 5" be the disc bundle of the vector bundle classified by /, the tangent bundle 
of D is classified by ^oa, and therefore admits a ^-structure whose underlying map 
S^^ ~ D ^ B represents a. We can then let Wa be the boundary connected sum 
of K\i X + 1] and D. 
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Finally, for property (jn]), we use that each K\yj^i^ is a highly connected cobor- 
dism to see that TTn^i{K\i) — ■7Tn~i{K\[i ao)) is surjective. It therefore suffices to 
prove that for any a € Ker(7r„_i(i4r|i) — > 7r„_i(_B)), there exists a morphism Wa S 
C{K\i,P) for some P, with a € Ker(7r„„i(i4r|i) — >• iTn-iiWa))- We may represent a 
by an embedding 5"^^ — > K\i. Since the composition S""^^ — > — > S — > B0{2n) 
is trivial, the normal bundle of the embedding is stably trivial and hence trivial, so 
we may extend to an embedding / : S"""^ x Z?" K\i. The underlying manifold of 
the morphism Wa is then defined as the trace of surgery along /, and a 0-structure 
is constructed from a choice of null-homotopy of S""^^ K\i ^ B . □ 

The following three propositions establish further useful properties of univer- 
sal 0-ends. The first proposition gives a refinement of property (|ii|), which lets 
us exert more control on the behaviour of the embedding j which is provided by 
(ini)- Propositions 17. lOl and 17. 11] give strong existence and uniqueness properties for 
universal 0-ends (and universal 0-ends in C), which essentially say that a univer- 
sal 0-end [K, ix) is determined up to diffeomorphism (respecting ^-structures) by 

iK\o,£K\o)- 

Proposition 7.9. // (K, £k) is a universal 0-end (or a universal 9-end in C) then 
it also satisfies 

(ii ) For each highly connected 9-cobordism W : K\i P, there is a k ^ i, an 
embedding j : W ^ ^|[i.fe]j cin-d- a homotopy £k ° Dj — , both relative to 
K\i, such that the complement of j(W) is a cobordism Z : P K\k which is 
highly connected. 

Proof. Let us treat the case of a universal 9-end; working in C can be done in the 
same way. As is (n — l)-connected relative to either end. Lemma [7.71 applies, 
and for sufficiently large g, the manifold W = W#{gS" x S") = W o (([0,1] x 
P)jj^{gS'^ X S"")) admits a handle structure relative to K\i using handles of index 
n only. 

By universality, there is an embedding of (^-manifolds j' : W' ^ relative 
to K\i. We wish to modify this embedding, and increase fc', so that if 

denotes the collection of relative n- handles of W , there exist embedded spheres 
{fp : 5" ^ K\[,^k']}0ei so that 

e„({0}xn")n/^(5") = 

We can ensure this property as follows: by property of Proposition l7.8l we may 
find an embedded 5" x S'" — int(L)^") in iir|[fe'.oo) with nuU-homotopic structure 
map to B. We may form the connect-sum of 5" x D" with the handle Cq away from 
the other handles, and let /„ be the embedding of {*} x 5". Repeating this for each 
handle, we can ensure the required property, and because the S*" x S'" — int(_D^") 
we used had trivial structure map to B, the new embedding of W we obtain still 
has the correct homotopy class of 0-structure. 

We denote by / : W' ^ -f^^|[i,fc] this improved embedding, and Z' the complement 
of the image of j' . The cobordism W' only has relative n-handles, and n > 3, so 
K\i, W' , P, Z' , A'|[j fc] and K\k all have the same fundamental group, which we 
denote by tt. To understand the connectivity of the pair (Z',K\k), we look at 
the long exact sequence for Z[7r]-homology of the triple (i^|[j /^j , Z', i^lfe) and use 
excision {K\[i ^,Z') ^ {W',P) to obtain the exact sequence 

i?„(if|[,^fc],i^|fc;Z[^]) ^ i/„(l^',P;Z[7r]) ^ i/„_i(Z',i^|fe;ZH) ^ 0. 
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By Poincare duality i/„(P^', F; Z[7r]) = Hom^M i^jj; Z[7r]), Z[7r]) we see 

that </? is surjective, as fHfp]) ■ Hn{W' , K\i;Z[TT]) = 'Z[n]{ea | a G /) — > Z[7r] is the 
dual basis element to ep, so (Z', K\k) is (n— l)-connected, as required. That the pair 
{Z',P) is (n — l)-connected follows by the long exact sequence for Z[7r]-honiology 
of the triple {K\[,,k],W' , K^) and excision - {K\[,,k],W'). 

Finally, we note that if Z denotes the complement of the image of j = j'\wi 
then we have Z = ([0, 1] x P)^{gS" x 5"") o Z' so it is also a highly connected 
cobordism. □ 

Proposition 7.10. Let {K^ix) and {K',£k') be universal 9-ends, and suppose 
we are given a highly connected 9-cobordism W '■ K\q ^ K'\q. Then there is a 
diffeomorphism Lp : W '^ki\o K' = K, and a homotopy £k o D'fi — £wuk', both 
relative to K\q. Furthermore, there is a weak homotopy equivalence 

hocolimA/'^(X|i,^K|i) ~ hocoliuiAf^ (K'I.Jk'U)- 

Proof. By replacing K' with W Uk'\o K' , we may as well assume that K\o — K'\q 
as 0-manifolds, and that W is the trivial cobordism. As K' is a universal 6'-end, 
we may find an embedding of 0-manifolds ji : ^|[o,i] ^ ^'Ifo.fcj] relative to K\o, 
and by Proposition 17.91 we may suppose its complement Zi : K\i -w K'lk'^ is 
highly connected. Now, as if is a universal 9-end, we may find an embedding 
of fii-manifolds j[ : Zi ^ -f^|[i,/£i] relative to K\i, again with highly-connected 
complement Z2 ■ K'\k{ -^Ifci- Together, jf^ and j[ give an embedding of 6- 
manifolds A''|[o_fe'] ^ -ftr|[o,fei]- Continuing in this way, we produce the required 
diffeomorphism and homotopy. 

For the second part, note that we have constructed a direct system 

which contains cofinal subsystems which are also cofinal in either of the direct 
systems used to form the homotopy colimits in the statement. □ 

Proposition 7.11. Lef 7r„(_B) be countable. Then for any object {M,£m) G C there 
exists a universal 9-end {K,£k) in C with {K\q, £k\o) = {M,£m)- Furthermore, 
K U ([0, cxi) X L) is then a universal 9-end. 

Proof. In the proof of Proposition 17.81 we saw that for each a E Ker(7r„_i(Af) 
TTn-iiB)), there exists a morphism Wa G C{M,P) with a £ Ker(7r„_i(M) — >■ 
TTn-iiWa)), and for each element a £ 7r„(_B), there exists a morphism Wa S 
C{M,P) with a G lm{TTn{Wa) — 7r„(i3)). A priori, the target P depends on 
a, but as 9 has been assumed to be spherical, it is reversible (by Proposition 15. 6p . 
and we may find another morphism P AI; after composing, we may assume 
that M = P so we have endomorphisms Wa G C{M,M). We then construct a 
universal 6'-end in C by letting K\i = M for each integer z > and letting each 
i+i] be of the form Wq.#(S'" x 5"), where the form a sequence of elements 
of 7r„(i3) UKer(7r„_i (M) 7r„_i(i3)) in which each element occurs infinitely often. 
(This is possible because tt„{B) is assumed countable and 7r„_i(M) is automati- 
cally countable.) It then follows from Proposition 17.81 that X is a universal 9-end 
in C. 

It is obvious that gluing [0, 00) x L to a universal 0-end in C gives a universal 
0-end, since the homotopical properties in Proposition l7.8l are clearly preserved. □ 

Corollary 7.12. Let {K,£k) be a universal 9-end for which P — (-STlo, ^/f |o) is an 
object ofCg j^' . Then we may isotope the proper embedding K — >■ [0, 00) x (—1, 1)°° 
and homotope the bundle map £k '■ TK — > 9*^, both relative to K\q, after which K 
is of the form K° U ([0, 00) x L) where K° is a universal 9-end in C . 
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Proof. By Proposition 17.81 the structure map £k ■ K ^ B induces a surjection on 
TTn- Since if is a manifold, TTn{K), and hence 7r„(i?), is countable, so there exists 
a universal 6-end in C, by Proposition 17.111 Denoting this by K°, the 6'-manifold 
K° U ([0, oo) X L) is a universal 6'-end, and hence by Proposition 17. 101 is isomorphic 
to the original K. □ 

7.4. Group completion. Let us return to the category C of Section !?^ Assigning 
to a morphism W G C{Po, Pi) the corresponding 1-simplex in the nerve of C gives a 
continuous map C{Po, Pi) — ftpg,p-^BC, analogous to the map A4 — flBAd in the 
outline in Section[73] As in that section, the effect in homology can be studied by a 
version of the "group completion" theorem. The classical group completion theorem 
concerns a topological monoid M, and says that the map H^,{M) — >■ H^,{p.BM) 
is an algebraic localisation at the multiplicative subset 7ro(M) C H^,{M). The 
group completion theorem holds under the assumption that this localisation admits 
a calculus of right fractions^ cf. |MS76) . A similar result holds for topological 
categories, and here implies that TJ* (riBC) is a suitable direct limit oi {C{Po, Pi)), 
generalising the localisation in the monoid case. As in the monoid case, some 
assumption is needed in order to apply the group completion theorem: Lemma l7.15l 
below can be seen as a multi-object version of admitting a calculus of right fractions. 

Theorem 7.13. Let 

I K\loi] I ^l[12] I ^1(23] I -f|[34] 

"|0 > J^\l > J^U > ^13 > ■■■ 

be a sequence of composable morphisms in C such that K is a universal 9-end in 
the category C and C{L, K\q) ^ 0. Then there is a map 

hocoMmC (L,K\i) — > flBC 

which is a homology equivalence. 

The proof will be based on Proposition 17.141 below . Let Fi : C°p — > Top denote 
the representable functor C{—,K\i) and let F^o ■ C°p — Top denote the (object- 
wise) homotopy colimit of the natural transformations Fi — >■ i^i+i given by right 
composition with i^ljj j^j^j. 

Proposition 7.14. The functor Foo sends each morphism in C to a homology 
equivalence. 

Given this proposition, by |GMTW09l Theorem 7.1] and the discussion following 
it, the pull-back square 

F^(L) > B{C I i^oo) ^ hocolim, B{C I F{i)) ~ * 

{1} > BC 

is homology cartesian and so Fao{L) — > Q.BC is a homology equivalence, which 
estabhshes Theorem 17. 131 

Proof of Proposition \7.14\ By Lemma 17.71 it suffices to prove that _Foo sends any 
cobordism admitting a handle structure with a single n-handle to a homology iso- 
morphism: indeed, in the notation of that lemma, for any cobordism W, the functor 
Foo sends both WoF and GoW to homology isomorphisms, but then it must send 
W to one as well. We therefore consider a cobordism W £ C{N,M) admitting a 
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handle structure with a single rt-handle. The cobordism W gives a map of direct 
systems 

C(M, i^lo) > C{M, K\i) > C{M, K\2) > C{M, K^) > ■ ■ ■ 



Wo- 



Wo- 



Wo- 



^CiN,K\i) >C{N,K\2) 



-^CiN,K\3) 



CiN,K\o)- 

Taking homotopy colimits of the rows gives a map Fac,{M) — >■ Foo{N), and Lemma 
17.151 below implies that the induced map on homology is a bijection, finishing the 
proof of Proposition 17. 141 □ 

Lemma 7.15. Let W '■ N M be a cobordism which is obtained by attaching a 
single n-handle to N . For each i there is a k > i such that the commutative square 



C{M, KU) °I}h±^ c{M, K\k) 



(7.1) 



Wo- 



Wo- 



C{N, K\S- ; C{N, K\k) 



admits a dotted map making the top square commute up to homotopy, and a (pos- 
sibly different) dotted map making the bottom square commute up to homotopy. 

Proof. The objects M and in C are (2n— l)-dimensional submanifolds of [0, 1) x 
R°° (with 6'-structure) , and the morphism W G C{N, M) is a submanifold of [0, t] x 
[0, 1) X M°°. Rotating W in the first two coordinate directions gives a submanifold 
W <Z [0, X (—1, 0] X M°° with incoming boundary {0} x A/ and outgoing boundary 
{t} X N . As in the proof of Proposition 12.161 the 6'-structure on M extends to 
a ^-structure on the closed manifold MUM C (—1, 1) x giving an object 
(M,M) e Cg~^ with a canonical null-bordism V G Cg"^(0, {M,M)). Similarly, we 
have objects {M,K\,) = MU and {N,K\i) ^NU K\„ and the submanifold 
Wu {[0,t] X K\i) C [0,t] X (-1, 1) X R°° inherits a 6'-structure from W, giving an 
element oi Cg~^{{M, K\^) , {N,Kl)) which we shall denote {W,K\^). The resulting 
diagram 



CiM,K\,) 



-^C{N,KU) 



-o{W,K\i) 



homotopy commutes, where the vertical equivalences are as in Proposition l7.5l The 
diagram of solid arrows in (j7.1l) may now be replaced with 



-o{W,K\^) 



-o(Ar,if|,,,,]) 



-^Af'{{M,K\k)) 

-o{W,K\t) 

-^Af'{{N,K\k)) 



where {M,K\[i k]) = {[i,k] x M) U K\[^ k] C [i,k] x (-1, 1) x M°°, and similarly for 

Let us first show that there is a dotted map making the top triangle commute 
up to homotopy, for some fc ^ i. We wish to find an embedding (of ^-manifolds) 
of {W,K\i) into {M, K\[i ^) relative to {M,K\i), with complement a ^-cobordism 
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Z : {N, K\i) {M, K\k)- If we can ensure that {Z, (M, K\k)) is {n — l)-connected, 
then gluing on Z gives a map 

-oZ:M''{{N,KU))~^M''{{M,K\k)) 

making the top triangle commute (as {W,K\i) o Z = {M, K\[i^k]) as 6'-manifolds), 
as required. 

By definition of the category C, M is obtained from its boundary, dL, by at- 
taching handles of index n and above. Thus, by transversality, the attaching map 
for the n-handle of W relative to M may be assumed to have image in a collar 
neighbourhood [-e, 0] x dL cJd. Thus {W,K\i) may be obtained from {M,K\i) 
by attaching a single n-handle along / : S'"~^ x D" ^ [0,e] x dL C K\i, so up 
to diffeomorphism (relative to its incoming boundary) the cobordisni {W,K\i) is of 
the form {M, W') for some cobordism W' : K\i X in C As Kl^^^^j is a universal 
6-end in the category C, there exists an embedding of 0-manifolds / : W ^ -f^l[j,/c] 
relative to K\i, for some k ^ i, and by Proposition 17.91 we may assume that its 
complement Z' is highly connected. Gluing M back in, we obtain an embedding 
j : {W,K\,) ^ {M,K\[i^k]) relative to {M,K\k) whose complement Z = {M,Z') is 
highly connected, as required. 

To produce the dotted map making the bottom triangle commute up to ho- 
motopy, we must produce an embedding relative to {N,K\k) of {W,K\k) into 
(TV, if I [j J.]), for some suitably large fc, with an appropriate connectivity condition 
on its complement. As we shall explain, this reduces to the same embedding prob- 
lem as for the upper triangle. We have collar neighbourhoods e, 0] x dL C N 
and [0,e] x dL C K\i, and as above, we can suppose W is obtained from N by 
attaching a single n-handle along a map / : S"~^ x £)" ^ [—£,0] x dL C A''. We 
now consider A^ to lie inside 

i[i-s,i] X (iVUX|,))UA:|[,,oo), 

where we may extend / inside [i — e,i] x [—e, e] x dL to an embedding of [0, 1] x 
gn-i X jyn gQ ^^g^^ |;^| ^ ^-n-i ^ j^n jg embedded into {i} x [0, e]xdLc K\,. Since 
K\[i^co) is a universal 6'-end in C, we may extend the embedding of {1} x S'""^^ x 13" 
to an embedding of the handle {1} x 13" x Z3" into ATj^i oo) having highly connected 
complement, and such that the 0-structure is homotopic to the one given on the 
n-handle of W . By compactness, the handle has image in Ar|[i,/c] for some k ^ i, 
and we extend / cylindrically to an embedding 

([-1, 1] X U {1} X i3") X ^ {[i - e, z] X (NUKU)) U (if |[,,fe] U [i, k] x W) 

which sends {—1} x S*"^^ x £)" to {fc} x A. The source of this map is diffeomorphic 
to a tubular neighbourhood of the n-handle in W , and the target is diffeomorphic 
relative to K\kUN^ {N,K\k) to K\[,^k] U ([i,fc] x iV) = {N,K\[,^k])- □ 

The argument above can not be improved to show that sends each morphism 
in C to a weak homotopy equivalence, since the dotted maps we constructed in no 
sense preserve basepoints. The case n — gives rise to the following example from 
|MS76| : we have Foo(0) ~ Zx BY,oo and the morphism 1 : -w given by a single 
point induces the shift map on Eqo, that is, the map induced by the self-embedding 
given by {1, 2, . . .} = {2, 3, . . .} ^ {1, 2, . . .}. This is not surjective, so the map is 
not a homotopy equivalence; it is however a homology equivalence, by the argument 
we have presented. 

7.5. Proof of Theorem ll.81 In the situation of Theorem ll.Sl we have a 6>-manifold 
{K^ifc) and a proper map xi : if — >■ [0, oo) with the integers as regular values, 
satisfying the property of being a universal 0-end (cf. Definition II. 7p . Let 9' : 

B' ^ B A- BO(2n) be obtained as the nth stage of the Moore-Postnikov tower 
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oi £k ■ K ^ B, and £'j^ be the ^'-structure on K given by the Moore-Postnikov 
factorisation. By Proposition l7.8l the map K ^ B induces an injection in 7r„_i and 
a surjection in 7r„, so the nth and {n — l)st stages of the Moore-Postnikov tower 
actually agree, and in particular the homotopy fibres oi B' ^ B are (n — 2)-types. 

The following two lemmas allow us to work with ^'-manifolds instead of 9- 
manifolds for many purposes. 

Lemma 7.16. Let W be a manifold with boundary dW , and suppose that (W, OqW) 
is {n — l)-connected, for OqW C dW a collection of boundary components. If ig^w 
is a 9' -structure with underlying 9-structure idoW, then 

BnMTW, [9')*r.t'd,w) Bnn9{TW,9*r,iaow) 

is a weak homotopy equivalence. Consequently, the natural map induces a weak 
equivalence 

Proof. As the homotopy fibres oi B' ^ B arc (ri — 2)-types and (W, d^W) is (n — 1)- 
connected, the space of lifts 

^dow 

doW >■ B' 



W^^B 

is contractible, for each ^-structure £w on W restricting to (-OaW on the bound- 
ary. But this space of lifts is easily identified with the homotopy fibre of the map 
Buno(rW, {9')*r,(-'d,w) ^ Bnn9{TW,9*-i-lQ,w) over the point f^. 

The last claim follows from the case d^W = dW by forming the homotopy 
orbit space by the action of DifF(VK, dW) and taking disjoint union over all W with 
dW — K\i for which {W,dW) is {n — l)-connected. □ 

Lemma 7.17. The 9' -manifold (K,£'j^) is a universal 9' -end. 

Proof. Wc verify the conditions of Definition 11.71 The cobordisms are 
highly connected, as we have assumed that X is a universal ^-end. If {W : K\i 
P, £'-^) is a highly connected ^'-cobordism, with underlying ^-structure £w then by 
assumption there is an embedding j : W K\[i.oo) and a homotopy £k ° Dj ~ £\Yj 
all relative to K\i, but then by Lemma F7. 161 there is also a homotopy £'j^ o Dj ~ £\y 
relative to i^l^. □ 

We can now give the proof of Theorem 11.81 Recall that the theorem asserts a 
homology equivalence between the homotopy colimit of the direct system 

(7.2) N-'iK\o,£K\o)'^M'^iKU,£Kh)^M'iKU,£K\2) ^ ••■ 

and the infinite loop space n°°MT9'. By Lemmas 17. 161 and 17. 171 it suffices to prove 
the theorem in the case 9 = 9', i.e. when £k '■ K ^ B is ?i-connected. In order to 
apply Theorem 17.131 we first need to define a 0-manifold L (in order to have the 
category C defined). To do so, we pick a self-indexing Morse function / : K\o — 
[0,2n- 1] and let L = /-^([O, n - ij). Then the inclusions L K\o and K\o K 
are both (n— l)-connected, so the structure map L ^ B \s [n— l)-connected and we 
have defined the category C, satisfying Theorem 17. 131 By Proposition l7. 101 we may 
replace (if, £k) with any other universal 0-end without changing the homotopy type 
of the homotopy colimit (|7.2p . as long as K\o is unchanged, and by Corollarv l7.12l 
there exists a universal 0-end of the form K° U ([0, oo) x L), where K° is a universal 



STABLE MODULI SPACES 



71 



^-end in C. Now, by Proposition [73] the direct system (|7.2I) is homotopy equivalent 
to 

C(L, K\l) ^^^^ C(L, K\l) CiL, K\°) • • • . 

By Theorem 17. 131 the homotopy cohmit is homology equivalent to D,BC, which in 
turn is weakly equivalent to n°°MT9 = n°^MTe', by Theorem [L2 □ 

7.6. Proof of Lemma 11.121 and Theorem 11.131 Let us first show that /C C /Co 
is a submonoid, and that it is commutative. Recall that /Cq was the set of isomor- 
phism classes of highly connected cobordisms K C [0, 1] x ]R°° with (^-structure, 
starting and ending at {P,ip) and that /C is the subset admitting representatives 
containing [0, 1] x (P—A) with product 0-structure, where yl C P is a closed regular 
neighbourhood of a simplicial complex of dimension at most {n — 1) inside P. Let 
Kq, Ki : P P be two such cobordisms and let Ki have support in Ai, a. regular 
neighbourhood of a simplicial complex Xi of dimension at most (n — 1). As P is 
{2n — l)-dimensional, we can perturb the Xi to be disjoint and then shrink the Ai 
so they are disjoint. But if Wq and Wi have support in the disjoint sets Aq and Ai, 
then Wq o Wi has support in Aq 11 Ai which is a regular neighbourhood of Xq 11 Xi 
which is again a simplicial complex of dimension at most (n — 1). Furthermore 
Kq o Ki is isomorphic to the 0-bordism Kqi which is supported in Aq 11 Ai and 
agrees with Ki on [0, 1] x Ai, and this in turn is isomorphic to Ki o Kq, so K. is 
commutative. 

Recall that we have a monoid map /C' — )• /C, where IC' is defined like IC, but 
with 9' instead of 6. We saw in Lemma EH that the map A^^' (P, £'p) M^{P,£p) 
is a weak equivalence, and we claim that a similar obstruction theoretic argument 
shows that /C' — /C is an isomorphism. Explicitly, [0,1] x P has a canonical lift of 
its ^-structure to a ^'-structure. If an element of IC is represented by a cobordism K 
supported in A C P, it contains the subset ({0} x P) U ([0, 1] x (P- A)) U ({1} x P) 
which has a canonical 6''-structure. Because A is a regular neighbourhood of a 
simplicial complex of dimension at most {n — 1), the manifold K is obtained up 
to homotopy from this subset by attaching cells of dimension at least n, so up to 
homotopy there is a unique extension of the lift. This shows that /C' — > /C is a 
bijection. 

Before embarking on the proof of Theorem ll.131 we establish the following useful 
strengthening of assumption ((iii|) of that theorem. 

Lemma 7.18. Let [W] ^ K he such that each path component of W contains a 
submanifold diffeomorphic to 5'" x S*" — int(P'^"). Then each path component of 
3VF — WoWoW contains such a submanifold which in addition has null-homotopic 
structure map to B. 

Proof. Let us suppose that W is path connected: otherwise we repeat the argument 
below for each path component. Finding an embedded S*" x 5" — int(Z?^") is 
equivalent to finding two embedded n-spheres with trivial normal bundles, which 
intersect at a single point. By assumption, this holds for W so we have 

5'" X S*" - int(i:>2") -^B, 

which in 7r„ induces a homomorphism Z Z = 7r„(S'" x 5" — int(Z)^")) — > 7r„(P), 
sending the basis elements to x,y £ 7r„(P). 

In a separate copy of W we have a framed embedding 

reflection 

5" X {*} S" X {*} ^ 5" X 5" - mt{D^'') ^ W 

which in 7r„(P) gives the element —x. Thus in 2W, the connect-sum of this em- 
bedded framed sphere and the original one gives an embedded framed sphere with 
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nuU-homotopic map to B. Using the third copy of W we can fix the remaining 
sphere, without changing the property that the two spheres intersect transversely 
in one point. □ 

We shall first prove Theorem 11.131 under an additional countability hypothesis, 
namely we prove the following. 

Proposition 7.19. Let 9, {P,£p) and JC he as in Theorem \ 1.1 31 and let C <Z K. 

he a submonoid satisfying conditions (0) o-nd i fml) of that theorem. Assume in 
addition that C is countahle. Then the induced morphism 

is an isomorphism. 

Proof. By countability of C, we may pick a sequence of 0-manifolds (if|[i,i-fi],^i) 
which are self-bordisms of (P, £p) representing elements of £, in a way that each el- 
ement of C is represented infinitely often. We then let K be the infinite composition 
of the i<r|[j j+i], and deduce from Addendum 11.91 that {K,£k) is a universal 6'-end. 
(That property ([ml) of the Addendum is satisfied follows from assumption (piil) and 
Lemma [7. 181 ) Then Theorem 11.81 gives a homology equivalence 

hocolim7V^(P,£p) — > n'^MTO', 

where the homotopy colimit is over composition with the i^Tj [j . Taking homology 
turns the homotopy colimit into a colimit of the Z[£]-module H^,{M^{P,£p)) over 
multiplying with elements of £, each element occuring infinitely many times. But 
that precisely calculates the localisation at C. □ 

The proposition above proves Theorem ll.8l in the case where K. is countable. (To 
apply Proposition 17.191 with C — IC, we need to check that conditions Q, du]) and 
dm)) hold. This is proved using the manifolds Wa from the proof of Proposition lTTSl *) 
We will deduce the general case by a colimit argument, based on the following result. 

Corollary 7.20. Let 9, {P,tp) and K, he as in Theorem [TJR and let C C IC he 

a suhmonoid satisfying conditions and dm)) of that theorem, hut not necessar- 
ily (0). Assume in addition that C is countahle. Then the induced morphism 

(7.3) H^{jV''''{PJp))[£-^] H,{n°°MT9c) 

is an isomorphism, where 9c '■ Be — >■ BO{2n) is obtained as the nth Moore- 
Postnikov factorisation of a certain map £ : Xc — > B, defined as follows. Each 
self-hordism {K,£k) representing an element of C has incoming boundary P C K, 
and we let Xc he obtained by gluing every such K along their common incoming 
boundary; the structure maps £k then glue to the map £ : Xc — > B. 

Proof. The structure £p lifts canonically to a 6'£-structure £p, and we claim that 
every representative of an element of C admits a homotopically unique lift to a 
6'£-manifold which is an endomorphism of {P,tp). Granted this claim, C satisfies 
the conditions of Proposition 17.191 with respect to Oc, and the result follows. 

To prove the claim, let [K, ) be a self-cobordism of (P, £p) which is supported 
inside A C P, a regular neighbourhood of a simplicial complex of dimension (n — 1), 
and consider the lifting problem 




STABLE MODULI SPACES 



73 



As the fibre oi Be ^ B is an (n - l)-type, and the pair {K, ({0, 1} x P) U ([0, 1] x 
P — A)) is {n — l)-connected, there is a unique obstruction 

e ({0, 1} X P) U ([0, 1] X P - A); 7r„(P, Be)) 

to finding the desired hft. As A is a regular neighbourhood of a simplicial complex of 
dimension (n- 1), the group H"-^{{{0, 1} x P)U([0, 1] x P-A), {0} x P; 7r„(B, B^)) 
vanishes, so aj„ is zero if and only if it is zero when restricted to the group 
iJ"(Js:,{0} X P;iTniB,Bc)). But K has a canonical lift relative to {0} x P, so 
this last obstruction is zero. 

Uniqueness of (homotopy classes of) lifts is similar, but easier. □ 

Proof of Theorem \1.13[ Let £ C /C satisfy the conditions of Theorem 11.131 We 
may replace 9 : B ^ B0(2n) by 6' : B' ^ BO{2n), the (n- l)st Moore-Postnikov 
stage of i'p : P — > P, in the statement of Theorem 11.131 Then for each countable 
submonoid C C £, the maps Be — > B from Corollary 17.201 factor canonically as 
Be B' ^ B0{2n), and if C" C £' is a submonoid we also have a factorisation 
Bc" — >■ Be — >■ B', as our description of Be is strictly functorial in the monoid C 
(using a functorial model for Moore-Postnikov factorisation). Therefore we may 
form the colimit of the isomorphisms (|7.3p over the poset of countable submonoids 
C C C. 

Using the manifolds Wa constructed in the proof of Proposition [7?H1 it is easy to 
see that the homotopy colimit of the Be is (weakly equivalent to) B' , and hence the 
homotopy colimit of the Q°°MT9e is n°°MT9'. If we can prove that the homotopy 
colimit of the spaces Af"^' {Pjji) is Af^'{P,e'p) ~ U%P,tp), Theorem [TTOl will 
therefore follow as the direct limit of the isomorphism (17.31) . 

We saw in Lemma [7TTS1 that the map {PA'p) M^{P,lp) is a weak equiv- 
alence. A similar obstruction-theoretic argument as in that lemma shows that the 
map 

M"^- {P,t'^p)^N%P,ip) 
induces an injection on ttq and a weak equivalence of each path component. Viz., 
A/"^^' (P, ) is up to homotopy a disjoint union of path components of N^[P, £p); 
the component containing {W,£w) is included precisely when £w admits a lift to 
a 0£'-structure. Up to homotopy, the system of spaces Af^c (p^ £^ ) therefore just 
consists of including more and more components oiN^{P,£p), including all of them 
in the colimit. □ 
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